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theorems Let A ≤ I be an

open set .

① Suppose fn : A→
¢ for n ≥ /

and f : A→ £ .

Suppose fn is continuous on A fora / In≥ / .

If fn Converges uniformly
to f on A,

then f- is continuous. on A .

② Consequently, it
functions 9k (Z )

are continuous on A and

g (z )
= £ gulz ) converges uniformly

k=l

on A ,
then g( Z ) is continuous

on A.

proof's

① Let 2- ◦ C- A .

We will show that f- is
continuous at Zo .



Let E > 0
.

Since fn→f uniformly on
A
,

there exists N > 0 where

I fµ( Z ) - f- (z ) / <
43

for all ZEA .

defcont.gg, fn approximates 1- " A) ¥;Y¥,[with error at most 43 2- → Zo

since f-
µ
is continuous at 2- ◦ *

there exists 870 where if

I -2-2-01<8 then / fnlz ) - fnlzol / < §
Since It is

open shrinks ipÉÉ
"

;A
so Dlzo ;81≤Ali ± Eerie ↑!



So
,
if 12--2-01<8 , then

2- C- A and

/ f- (Z ) - f- (zo ) / =

=/ f- (z) - fnlzltfn (Z ) - fnfto )

tfn ( Zo ) - f- (Zo ) /

≤ / f(z ) - fnlzlltlfnfttfnlzo) /

1- lfn (Zo ) - 1- (Zo ) /

< 431-43+43=2

So
,
f- is continuous at Zo .



② We are given
that girl -21

are each
continuous on A

.

Then , n

Sncz) = { 9k# I
k=l

are continuous
on

A for each n ≥ /
.

Our sequence
of functions on A is

The
5
,
( 2-1=9 ,

(z )
Sn

Sz(2-1=9 .CZ/tgz(Z )
are

536-1=9,6-11-92 (2-1+9317) } the
• !

f- n

% from①

We are also assuming that

Sn→ 9 uniformly on A



where g (Z ) = §
,

gu(Z ) .

By ① g is
continuous on A

.

theoremccauchycriterionlh.atA ≤ ¢ .

① Let fn : A → ¢ for n ≥ /
.

Then , fn converges uniformly on
A

Iff for every
E > o there

is

an N >0 where if n ≥ N then

lfnlz ) - fn+p (z ) /
< E

for all 2- C- A
and P ≥ / .

[ntp is taking the place
of m]

in the usual Cauchy def



② Let gn : A -71C
for R≥l .

Then the series Galt) converges

uniformly on A Iff for every
E > 0

there is an N > 0 where if

n≥N then

/ ÉP gkcz ) / < E for all ZEA

kw
and p ≥ /

/ Égulz)
- §,9u(2-11

ᵗ+p(zi-sn*#
P.ro#:
① (¥ ) suppose ( fn ) converges

uniformly on A .



Then there exists f : A→ ¢

that (fn) converges uniformly to .

Let E > 0 .

Then there exists
N > 0 where

I fn (z ) - f- (Z ) / < %¥:::::

"°" " " "
"ᵈ "" ""

" "

then

/ fnlzl-fni.pk ) /

=/ fnlzl - f-A) + f- (Z) - fntplzl /

É / fnfzl - f- (z) / t / f- (Z )
- fntplz) /



ÉP % 1- %

= E.

We are assuming
" for every

E > 0 ,
there is an N > 0 where

if n ≥ N then / fnk-1-fm.pk/KE

for all ZEA
and p ≥ 1

"

this implies that
for each ZEA

the sequence (fnlz) ) is
a

Cauchy sequence .

Thus for each ZEA we may

define f- (z ) = Iim fnlz) .

n→x

That is fn→f pointwise 0nA .

Let's show fn→f uniformly on A .



Let E > 0
.

By our assumption there
is an N >0

where if n ≥ N then

I fn(Z ) - fntp (z ) / < %

for all 2- c- A and p ≥ 1
.

For each ZE A pick Pz large using

enough so that fn→f

/ fntpzzl
-
f- (Z) / < %!wi¥-

for all n≥ 1 .

Thus it n ≥ N and ZEA , then

lfnlz ) - flz ) /



= / fnft) -fntpz.CZ/tfn+pzCZ/-flZ1/%1fn(Z)-fn+pzlz)/t1fn+pzlZl-flZH
< 42 1- %

= E

Thus , fn
→ f uniformly on

A
.

② Apply part
1 to

Snlz / = Éguczl
.

k=1

Then you'll get
that

9k ( t )
converges



Uniformly on A iff

for every E >0 there is

an N > 0
where if n≥N

then / snlzl-sm-p.CZ ) /
< E

¥ÉÉÉHÉi%iH
k=l

for all 2- EA
, p ≥

1
.

☒


