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-ivethe prooffrom lasttime

&

an(t-zo" is a power series.

We set
R=sup(S) where

S =Erc,0) lander
convergest

*anlz-zo)" converges
For R

=0 we showed that n =0

if1z-z.R and diverges if
1z-zokR.

Then we assumed RCO.

We showed
Earlz-zol
n
=0

if 1z- zo1 < R
converges

-continued....

Moreover, suppose D
is
someeddisc

in A =Sz/1z-z0KRY.
S

There exists some r

where 0<r<R

um
asteer
iwhere DEAr? A



From lastclass we had thatanlz-zo"

converges uniformly
and absolutely on Ar

and thus also on D.

Now let's show the divergence
part.
-

Suppose z,EK
with

% =1z,- zok
R

and Ian(z;Zol I⑱itrotinn
=0

converges [we want it
↓diverge.] -

Then, lim an(z,-z."
=0

n +D

Since this sequence converges,
its bounded.

So, lan)"=(an(z,-z04) = M
where M30

Thus, by the Abel-Weierstrass -allo
R cr < to then

Ean(t-zol" converges
absolutely if

=> eAr
=Ezl1z -zokr



So, Eolallz-zol converges for
all ZEAr

Thus, Elanlt" converges for all t
where RCA <r

This says Ats and RCA.

ButR=

sup (S).

Contradiction.

Thus, Ian (z,-Zol" diverges
n
=

0

When 12,-z01>R.
#



Reem: Letf(z)
=[an(z-zo)"
n
=0

be a power
series defined on

A =D(zr;R) where
R is the

radius of convergence
off. A
-

Then,

n
=

1

n -fittOf is analytic in X

② f(z)
=Gnanz-ze

for ZEA. This
series

has the same radius

radius of convergence
R.

and

③ an
- z



of: the lasttheorem

showed thatf(z)=
[an(z-zol"
n
=

0

converges absolutely and uniformly

on any
closed disc in A.

Thus, by the analytic
convergence

theorem f is analytic
on A

I

and f(z) =Inan(z-zo-
n
=

1

for all zCA.

So the radius ofconvergence
of

f(E) is atleastR.

can itbe bigger.
Suppose z, - Dwith

To=1Z,-ZokR
-

and Inan(z,-Zol"converged.
n
=

1 [we wantittodiverge]



lim nan(z,-z.0
Then,

-n +X

Thus,

i
manfo"-= /naz,-z0

So, (nanIro), converges.
So, its bounded.

Thatis, nank"IM
for all

nx) for some M70.

Thus,

landro"=lanror)=Inann)(l
=Mro

for all ny,1.



LetM
=maxE Mro, 19015.3.

Then, lan1" = M' for n30.

By the A&W theorem

Ean(z-Zol" converges
on

Ar
=[z)1z - z0r3

for any
with
---

El

0 < r < o.
/ ro-

Pick some pr with /
-

&

0<R<r < ro. I I zo

contradiction. ①This is a

=7-
Thus,

W Ar
-



&nan(Z,-zo)diverges.
n
=

1

So, R is the radius of

convergence
of f(E).

You can keep applying the analytic

convergence theorem and the

above anguments toget
power series for flu(z)

they will all have radius

of convergence R.

We get

f(z) =a. +a,(z
- z0) +az)z

-
zo4...

f((z) =a, +2az(z
- z0 +3a3(z -zot...



f"(z) =2a2 +302a,(z - z0)
+4.3. an(z-z017...

In general,
n-
R

f(*) =k! Ant n(n-1)(n-z)...(n - k+1) an(z- zo)
n =k+1

Plug z =zo in toget

f(M)(z0) =k! antEnO
So, an=

#



#

Uniqueness of Power Series

If

anlz-Zo=f(z) =Ebelz-zo
for all zeD(Zoji) with

r0, then an=bn for all no

prod
fi
-

an
=Er =be


