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roor(Analyticconvergencesee
Let(full be a sequence

ofanalytic

functions defined
on A.

Iffafuniformly on every
closed

disc contained
in As A

7

ithen isanalytic #
Furthermore, fi- f closed

j
- -1pointwise in A disc

and uniformly on

every
closed disc in

A.
of analytic

② If (gn) is a sequence

functions defined
on
an open setA.

and 9(z) =Equ(z) converges
k
=

1

uniformly on every
closed disc in A



than g(z) is analytic on A and

g'(z) =89p(z) pointivise on the A

and uniformly on every closed
disc
in Ar

#
① Let zo - A.

Our goal is toshow
thatis

analytic atz0.
I
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Since Ais open
1

We can find

riso"QUEEwhere D(Zojr') j ↑

is contained in A.
7

Pick some
rcr'



Then

⑭Zoir) =5z/(z - z0)=r3
is contained in A.

Since frofuniformly
on

#Zvir) by assumption,

this implies fr
->f

Uniformly on

D(Z0jr)
=5z)(z -z0cr3

Since each for is
on A, and

continuous on
D(Zoir) I

for analytic

S thus
continuous

by a previous
tha

On A

since fatuniformly
on D(Zoir) we know that



F is continuous on D(Zoji).

LetTbe any -

-

triangular path T

inside ofD(ZojO).Et .z0
Since each fr is
O :

analytic on and
7

- P(zif 1y
inside ofTby
Carchy's theorem (Math 4680)

We know

Sta=0 for all no

T

Byastheorem
wehave



o
=linffntShizt =Sfn +N T

#
Thus, Sf = 0 for any triangular
path inside of

D(Zoji).

By Movera's theorem,
f is

analytic in D(Zoir).

So, f is analytic atz0.

We now
show thatfilef

Uniformly on closed
discs

in A.



Let

B =5z/(z - z0)-r3 -

A.
i

be a
closed disc - U

in A, where B ↑

fNTO and ZoEA., "()7:By HW
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problem As 7

We
can choose
--

1

x>r such
that

5 is a circle
contained in A

ofradius that
contains B

in its interior.

Orienttobe
counterclockwise.

For any zB we have



fr(z) =ctSmRdw1
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f'(z) =2isrep ThM

Let2>0.

Since frfuniformly
on

20;-) =5z/(z -201593aE
↑Wthere exists NO

where ifnN then

Ifn(z) - f(z))>s.syr
*

for allz ->oix)



If W is on 8 and ZtB

then Uw

( - z/5 -5
ie,(z1r)
Thus, ifn>N and ztBthen

(fn(z) - f'(z))
=1= ntwidw

= 2/ firaw
249



&- r)<
< 2 -3,750AN
9) wisonO, z is in B, n>N

IRFID
= 2.

So, fintf'uniformly
on B.

④

② Setfn =92 and f =n
k
=

1

and apply/


