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Areorem:LetU: [a,b] -> A

be a piecewise smooth
cove where

Ais a region Copen and path-connected
- 1

5(b)

1
I-:*
↑Ultl+iA
Letfn: A-Dbe continuous

functions on Afor nxl.

suppose forofuniformly
on A.

Then, die fn =Slinft



roof:
Since foruniformly on

A

and each or is continuous on As

by a previous theorem

f is continuous on A.

Since for and f are continuous

on Awe know Sta and ifexist.

Let9>0.

Sincefrfuniformly on A

there exists NCO where ifn>N

then (fu(z) - f(z)/CUT
for all zeA.



[length (U) is arclength (51]
Thus, ifn, N, then

IS fn(z)kz- f f (z)dz |
encelimit

4680Thm

=/S(fr(z) - f(z))dz)ITg)) <M
for all
zon 5,[a agthsc · length (8) then

ISg(z)dz)
=2.

< M. length()

Solim?f=f #/



↓
-

#**xxxm( - a)#orension
toollary:Let A =P be

a region (open and path-connected

Let+Vi[a,b]- Abe
a

piecewise-smooth crove in A.

suppose 9R: ADis continuous

on Afor each (>1.



Suppose 9,.(z) converges uniformly
On A.

-
means:fn(z) =9K(z) partial sums

⑮fEzlinz,"A
There S/Esu(zDdz = 8 SguLae
↑roof:See notes online.

Apply previous than tofact
given above in red. #



roor(Analyticconvergencesee
Let(full be a sequence

ofanalytic

functions defined
on A.

Iffafuniformly on every
closed

disc contained
in As A

i
7

then isanalytic #
Furthermore, fi- f closed

j
- -1pointwise in A disc

and uniformly on

every
closed disc in

A.
of analytic

② If (gn) is a sequence

functions defined
on
an open setA.

and 9(z) =Equ(z) converges
k
=

1

uniformly on every
closed disc in A



than g(z) is analytic on A and

g'(z) =89p(z) pointivise on the A

and uniformly on every closed
disc
in Ar

#Le+f(z) =Inz
n =1

be the Riemann zeta function.

We know Itz converges
n
=

1

pointwise on 1
1/

A =5z/Re(z) >13 IA

the analytic ↓
⑨

Let's use #
convergence theorem 1/



on S(z).

Note hzis analytic on A

Recall:(nZ)Flog (n) . n
z. (- 1)

= - log(n).n
z

#Flog(a).aZ
LetB be a closed

disc in A,with 1

center 2and 1

radius r. Expo1

I 1
11

f =Re(z0) - 1 - r 1 1-
Let :

1

A⑭X



LetztB.

↑Then,

Re(z) >1 +G

So ifz =x +1y#
thenX, 1 + 6.

So,nz) =1nz) =1ez10g(us) /
= (g(x

+iy) (In (n) +iargin)|
1
1x - iy)In(u |=

e

=leXIn()yi(- yInCMS |



- π =arg(n)<

= (ex(nx) //e 1

In(n*)
:=(eXk(n)

=e ⑦- R

=

n

-
x

=mxj is

⑭it
SetMn =nts
(i) Notethatif ZGB



then 1z/= Mn forms, l

(i) And M = is
n
=

1 n
=

1

converges since 178 >/
↑

⑮

By the Weierstrass M-test

* Itconverges absolutely
and

n
=1

miformly on B.

Thus, by the analytic convergence

theorem nzis analytic on A



and

f((z) =3() =E
- e

n
=1

⑦

=
E

-

)
n =2


