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E Consider the p - series

= t ¥ + 1- ¥, 1- ◦ ◦ ◦

where PEIR .

One can show thatconuergesiff.pe#Uproof:-
We will prove (G) .

The other direction
is in Hw 1 .

Let

5h=
t + ¥ t • ◦ ◦ t ¥

be the k- th partial sum .



The sequence of partial sums

§ 9
t {p 9 +

+ ¥ ) • • ◦

¥ 7T
is an increasing sequence

of real numbers .

Consider the sub - sequence gotten

from 52kt •
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=

=
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522 ,
= S
}
= Yp 1- ( Ipt ¥)
≤ Ipt + ¥

= Ipt } = Fp + ¥ ,

= #5+(21--1)
'



523-1=57 = I-ptz-ptb-o.lt/4-pts-pt6tptf-p)
≤ ljptztptztp ) 1- ( ytptytptytpt ¥)
= Yp 1- ¥ + ¥p
=

f-ptz-p.it#p-i--z-mj+zt-..Y+zp-..T
In general you

can show that

Sir ,
≤ (¥17

'

+ (¥17 . . . +⇔!
Note that since p > 1 we know

1¥, / < ¥-1 .

Thus
,
ftp..tn converges .



From above we get

{a ,
≤ Éz÷_tⁿ=¥ ,

}ᵗʰᵗÉ④
n=O

e÷¥i
Consider se where l ≥ / .

Pick a k where l ≤ 211 .

Then
,
since we have an increasing sequence,

se ≤ Szky ≤ 1¥,

'

thus
, ( Sete? ,

is an
increasing ,

bounded

from above , sequence
of real numbers

.

From the monotone convergence

theorem from Math 4650

we know ( se)e? ,
converges .



Thus
, §

,

¥ converges when P > 1
.

(D) HW 1 .
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Def:_ Let Ean

be a series
of

n =/

complex numbers .

We say
that

£ an conuergesabsiutey
if

n=l

{ Ian / converges .

É=ⁿEEm_
É,÷=É - É - É

+ ¥ . "



Does this series converge absolutely ?

n
? ,¥ⁿ= £ ¥ g- converges

§
,

/÷ /= E p
--2

n=i series

Yes ? The series { in
h= ,

Ñ converges

theorems If Zan converges absolutely
,

n =\

then an converges .

proof:_ Let

5h = ¥
,

an = aitazt
. . .
tak

and

5n= £ tank
/ a. It lad

+ ◦ ◦ •
+ tant

n = I
X

be the partial sums
of { an

and [ Ian/
n = ,

n =L



Our assumption is that the sequence

( 5k¥ ,
converges .

We want to show this implies that

converges .( Sm):-|

Let E> 0 .

Since ( In)P= ,
converges ,

it is a Cauchy
sequence .

Thus there exists
N > 0wherein

≥ m ≥ N ,
then 15N- In / < E

suppose n ≥ m ≥ N .

case If n=m , then

Isn - Sml = / Sn- Sn / = 0 < E.

case2:- If n > m,
then

m

Isn - Smt =/ Éan -E.ir/k--
I



nlÉm+iH
⇐ § / and

k=mtl

/ ant - Élan /
k=1

=/ Élan - Eland /R=i

= / In -5m / < E

Thus
,
(Sr)I= ,

is a
Cauchy

sequence and
hence converges .

%
' l I ' '

' ' ' '

-



cuss

":"§
,

an - { an
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= ay 1- as

= £ are

consequently , since {÷
A- 1

converges absolutely,

italsoconverg#



EI ( Riemann Zeta function )

consider

Inz= # + +3¥ + ° "

5ft ) = §
,

where ZE € .

We will show that
if Retz) > I

+"



Recall

= n

- 2-
= e-

2- login )

where

login ) = In / nltiargln
)

will will use the principal

branch of log where

- IT < arg ( n ) < IT .
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arg Into


