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13.42Splitting p①
Andalgebraicclos

Defi An extension
field K

of a
field F is called a

Splittings for the polynomial

f ( x ) EFCX ) if f ( x ) factors

Completely into linear
factors

In KEX] and fix ) does not

factor completely into linear

factors over any proper
subfield

L of K containing
F

.

+⑧



XI . What is the splitting pg①
field of f- C x ) = ( XZ- 2) ( E- 3)

over a 8.

The roots of

flex
) are

x =
IF ,

IFS
.

So the splitting field of f

is a ( Fe ,
B )

.

-

"

T: '

Q

O a

In Qtr ,
Cx ]

,
f factors completely into

text -

-
Cx - F) L xtf ) ( x - B) ( Xt B )



EI . Find the splitting field pg①
for XE2 over Ch

.

roots of x3 - 2 are :

243
,

243W
,

2 "3wz
ath ( e 1k

k=O ,
1,2 ,

ooo

,
n - t

where
ZITI

=

I eiocoscoltisinlo)

W Eos tis in -

¥÷÷÷÷÷÷:*÷÷÷i
the splitting field ?

[ ICI " ) : a) =3 ← My , lqxkx
-32

( irreducible by

Eisenstein p=2 )



pg@celIBl-fatbK4tcKMYa.b
, * ay-

these are

all in IR

So
,

QCZ
' " ) EIR

.

Thus ,
243W

,
2

" wz Et Clf 2
" Y

.

The splitting field is

ICI 's

,
2 "3w

,
I "w4

2"3w,2"3w2w=¥ti
= Ch ( 243

,
if ) WE - I - if

PI ICI "

,
Z' "

w
,

2"3w4E¥ir
is clear since I } WE Chu

'

} if )
.



Why is Chez "3ir ) Eat
"k§%①

Because

2"'EChCz"3z"↳zyqgYg
2 w ) -11

°

=

212113112"

f- It Fil ) t I

= Bi

So
,

i EQCZ
"

} 2kW
,

2 "3w4
.

So the splitting Held

of x' 3- 2 over I is

Chl 29Bi )



Ch ( 2
"

;D ;)
Psb

Mosi
,
alight = XI 3

\ 2 ← Bi is a root of x 't 3

facingand ⇐a%e
.

\ 3 ← mzyyacxl
= X

'
- 2

( irreducible over Q by

A Eisenstein with p
= 2)

basis for all 's) over a :
I

,
2

"
3 243

basis for acz
"

; Bit over 2
's ) : I

,
Bi

basis for Chl 2113
,

Bi ) over Q :

I
,

2
" 3

,
243 ,

Bi ,
2

"
Tsi ,

2%53 i

QK
"

} Bi ) ={atb2"3tc2"
' tdfite 2

"
ti tf 2 if

a ,b,c ,
d

,
e

,
f EQ }



theorem
.

For any field F
, P⑦

if f Cx ) E F then there exists an

extension K of F which is the

splitting field forflxl.pro#:stepl:-

We first show that there

exists an extension E of F

over
which f- Cx ) splits completely

into linear factors . We do this

by induction on the degree

n of f
.

If n
-

- I
,

then f- ( x ) = axtb EFG ?

So its only root -

ka
is already in F

.

So
,

E  = F
.

Suppose n >
I and the theorem

is true for all polys of degree

less than n
.



If the irreducible factors pg@
of f ( x) over F all have degree I

then again F is the splitting

field of Hx ) and E -

- F
.

If this isn't the case
then

f- C x ) =p ( x ) h C x ) where

pcx ) ,
h C x ) E F Cx ] and pcx )

is irreducible over F of degree

at least 2
. ChIp:'id.

I  or a
constant

By a previous
theorem ( Them 3 in book)

there exists an extension E
,

of

F containing a root

Lofpo•
.

Th

Fine . new

" '

where f. ( x ) EE
,

Cx )

and deg ( fi ) s n
.



By the induction hypothesis pg①
( or keep repeating this process )

applied to fix ) we get an

extension E of E
,

where fi ( x ) factors
completely

into linear factors .

E

So
, f ( x ) -

- ( x - a) fix ) r.oo.ts.at. .

innit'

, .fi:'isErdos
in E ( sinceLEE too ,

.

#Y7' IEat::L's:*Ion
" "

of all subfields L of E where

L contains F and f ( x ) factorstac L
.

Then K is a splitting field for
f- HI


