Math 5401 - Test 1
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1. [10 points - 3,3,4]

(a) Simplify sr2srd(r2s)~! in Dy = {1,r,72%,73, s, s7, 572, 573}
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(b) Compute the cyclic subgroup generated by 5 in Zyy. What is the order
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(c) Consider the subset H = {1,72,s,sr%} of Dg. Is H a subgroup of Dg?
Verify your answer.
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2. [6 points| Find all homomorphisms ¢ : Zg——> Dg. Draw a picture of each
one.
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3. [15 points - 5 each] Let G and H be groups. Let ¢ : G — H be a group
homomorphism. Let 1¢ and 1y be the identity elements of G and H.

(a) Prove that ¢(1¢) = (g 1 H
(b) Prove that ¢(z7!) = ¢(z)"! forallz € G.
(c) Prove that ker(®) is a subgroup of G.
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4. [8 points] PICK ONE OF THE FOLLOWING: (You may only choose
one. Circle the one you picked. If you do both then I will grade A.)

A) Let G and H be groups. Let 1g and 1y be the identity elements of G
and H respectively. Prove that G x H is a group under the usual operation
(a,b)(c,d) = (ac,bd). [That is, check the four group properties.]

B) Let G be a group and ¢ : G — G be defined by ¢(g) = g°. Prove that G
is abelian if and only if ¢ is a homomorphism.
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4. [8 points] PICK ONE OF THE FOLLOWING: (You may only choose
one. Circle the one you picked. If you do both then I will grade A.)

A) Let G and H be groups. Let 1g and 1y be the identity elements of G
and H respectively. Prove that G x H is a group under the usual operation
(a,b)(c,d) = (ac,bd). [That is, check the four group properties.]

B) Let G be a group and ¢ : G — G be defined by ¢(g) = g*. Prove that G
is abelian if and only if ¢ is a homomorphism.
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5. [8 points] PICK ONE OF THE FOLLOWING: (You may only choose
one. Circle the one you picked. If you do both then I will grade A.)

A) Let G be a group and H < G. Suppose that |H| =2, that is H = {1,z}
for some z € G.

(a) Prove that Ng(H) = Cg(H).
(b) Prove that if Ng(H) = G then H < Z(G).

B) Let Gy, Gy, Hy, and H, be groups. Prove that if G, & G, and H; & H,,
then G1 x Hy & GQ X H2.
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5. [8 points] PICK ONE OF THE FOLLOWING: (You may only choose
one. Circle the one you picked. If you do both then I will grade A.)

A) Let G be a group and H < G. Suppose that |H| = 2, that is H = {1,z}
for some z € G.

(a) Prove that Ng(H) = Cg(H).
(b) Prove that if No(H) = G then H < Z(G).

B) Let G, Ga, Hy, and H, be groups. Prove that if G; & G, and H; & H,,
then G, x Hy &2 Gy x Hy. ’
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5. [8 points] PICK ONE OF THE FOLLOWING: (You may only choose
one. Circle the one you picked. If you do both then I will grade A.)

A) Let G be a group and H < G. Suppose that |H| = 2, that is H = {1, z}
for some z € G.

(a) Prove that Ng(H) = Cg(H).
(b) Prove that if No(H) = G then H < Z(G).

B) Let Gy, Ga, Hy, and H, be groups. Prove that if G; & G, and H; & H,,
then G, x H, &2 Gy x H,.
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5. [8 points] PICK ONE OF THE FOLLOWING: (You may only choose
one. Circle the one you picked. If you do both then I will grade A.)

A) Let G be a group and H < G. Suppose that |H| = 2, that is H = {1,z}
for some z € G.

(a) Prove that Ng(H) = Cg(H).
(b) Prove that if Ng(H) = G then H < Z(G).

B) Let Gy, G2, Hy, and H, be groups. Prove that if G, = G, and H, & H,,
then G1 X Hl = GQ X HQ.
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