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theorems Suppose that 8 and 81,82 , . . . ,8n are simple ,

closed
, piecewise

smooth curves such that

(a) 8 is oriented counterclockwise

(b) 81,82 ,
. . . ,8n are all

oriented counterclockwise ,
are

all interior to 8 ,
and the interiors of 81,82 , . . . ,8n

have no points in common .

If f- is analytic throughout
the closed set

consisting of
all points within and

on 8 except

for points interior
to any 8k , then

Jf = £ Jf = 5ft 5ft
. . . + Sf

✗
k=1 8k 8

,
82 8k

between 8 and betfne.TN

n=l picture
n= 2 picture

§ f- = Sf§f = § ,f + §! 81



y
⇔

Make the lines

[ 1) (2) • • • ,
Lntl

as in the picture••¥. on the left .

And consider

- 8k as

shown .

pi
Let IT be the top curve and Pz be

the bottom
""e

By Cauchy 's

P
,

theorem

••→→•¥ S f- = 0
IT

and•i÷Ñ Sf = 0
8 Pz

n = 2 picture



Thus ,

0=5 f tf f = Sf
↑
, Pz ↑

, the

= 5ft £ Sf
8 k=l -8m

Lines
Ln ft - Est
each k=l 8h

So
, 0=§f - § , fat .

Thus
, §f=É

,
fat . ☒



theorems (Cauchy Integral Formula /

Let f be analytic everywhere
within and

on a simple , closed , piecewise
smooth curve

8
,
where 8 is oriented in the

counterclockwise

direction .

If Zo is any point
interior to

8

then

f- (Zo) -_¥i § dz

analytic in
and on 8

proof:_
Let Zo be

a point interior
to 8 .

Let E > 0
be fixed .

}
/ in fcz )

since f- is continuous
at 2- ° ,

there
z→z .

exists 8>0 where
if 12--2-01<8

=f(z◦ ,

and 2- is in
the domain of f ,

then

If ( z ) - f- (Zo ) / < E.



By the Jordan - curve
theorem

,
the interior

of 8 is open .

Thus there exists p
> 0

where the circle / 2- - Zo / =p is interior

to 8 .

Choose p such that p<
8

.

Let 80 denote
°

%• t.z-z.EE

" """

oriented
counterclockwise .

Since
is analytic on

8
,
in between

8 and 80 ,
and on 80, by

the previous

theorem we
have

§ ¥¥-◦dz=S¥¥dz80



Thus
,

J ¥¥- dz - Ziti flzo )
8

=
J !¥_◦dz - f- ( Zo) f ¥7

.

←
earlier

result°¥É this is
21T£

= S"¥¥ dz

To

the arc length of 80 is ZITP .

Tho "

f) fCzz!¥dz / < {
• Zñp

v7
To

↑ %¥¥
If Z is on Jo

,
then

If (Z) - f-(Zo ) / < E

and I 2- - Zo / =p .

So if Z isonoo+her"1f¥1<TU



Thus
,

f) ¥¥.dz - 2ñif(2=1 /
8

= / ff(¥_¥ZI / < § . Zap =
ZITE

.

To

Thus
, / §¥?⇒dz - 2u-iflz.lt is smaller than

any positive number since E
can be any positive

number .

Thus
, I § fz.tt#dz-2itif(zo1 /

= 0 .

So
, § fz.tt#dz=2iTifCZol ☒



theorems ( Generalized Cauchy Integral Theorem )

Let f- be analytic everywhere
within a simple ,

closed , piecewise
smooth curve 8 .

Let 8
be oriented

counterclockwise .

If Zo is any point
interior to

8
,
then

f- is infinitely differentiable
at 2- ◦

and

f-
'" ( Zo ) __z§¥÷p+iᵈZ

'
in and

on 8

Proo See notes or

Hoffman /Marsden book .

☒


