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Lemma: Let a O be a

real number .[Then there exists a natural

number mEIN with

m - 11a < m

-·m = 4

roof: Let

E = En/neIN and a <Y

BLet m be

of E
,

which -



We know exists because EEIN.

Then
,

m-1 E.

Then either m-IN or M-1a .

Ease1 : Suppose M-1IN .

Then
,

m = 1 and m - 1 = 0.

Since me E we know a sm.

Since Oka we know m-Ka .

Thus,
m - Ka < m.

Lase2 : Suppose m -1 a
.

Since meE we know a sm.

Men,
mulaam. #



Frem (is
deneina

Given with XXY ,

there exists NECh with

X-r < Y .

Ex: X= 1 : 414 ..., y = 2

·
so

number n

with n > Yy
Then

,
O< y.



Let r = Yn .

in a
Then

,
y-X > 0.

Pick a
natural

number n
with

n - Y(y - x) .

So, < y-X.

Then ,
1 ny-nx. ok

Thusy to
US2

there lemma

By the previous lemma I since
n7 8

exists meN with
X 78

x> m
.

so
m - 1

nX > 0

Thus
,

m1nX + 1
.



Then, m = nx + 1 < By .

In summary, nx < m < ny .

So
,
X.

-
Then ,

0 < -y
< -X.

By case 2 there exists EC

with - y < -X.

Then
, x > <yt!

- M

Let r =
in #
-



Let a
,
bEIRHereab. Then there

exists an irrational number

x
with a x, he

From Math 3450,
the interval

(a,
b) is uncorntable .

(a, b)

18&

a b

Since & are countable we

know Q1(a,
b) is

countable because Cn(a,
b) EC .

This
- (an(a , b)) + 4 .

same as : (a,b)) (Chr(a, b)



Let X (a
, b) - (Ch1(a,

b)
.

Then X is irrational

~

maxab.



Tic2-Sequences
Let: Aenceofa
numbers

X ordered

Lanisis

a+ n /

also

list of real numbers :

a,, an ,
as ,

ay ,
as ,

46 ,
000

↑

ste



: an = + ,
n,

Sequence :

I, 15 Fits

M

I -

I
a, = 1

az= E

⑧

Yz - · as
aut13 -

⑨

14 -

In

EX:

·
-



↓

Lef : A sequence
of real

numbers (an) is said to

Converge to a limit LEM
- there
if for every

EX0 ,

exists a natural number N

then 191-L/E
where if n N,

If this is the case then

lima = L

We write
n = x

n

then
Lexists

If no
such

--
we say

that (an) diverges



M az

-

L+ 2 --- -NF
·

ant3
---------E

L-E

-

------
E ↑ -

⑳

---

·
An N+z

- -

-

-...

Note
: N depends on a

You get a different N for

each 3 .

Some people write

N(a) instead of N
,

but we

won't


