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E: The harmonic series is

*

& = I + + 5 ++..

Note limn = 0, however

n + x

We
will show that a diverges.

Let's prove diverges

Let

Sp = 1 + = + 5 +... + t

be the 2-th partial sum .

We will show (Sk) does

not converge .



We will do this by showing
that (SK) is not a

Carchy Sequence.

If my n ,
then

ISm-Sn

= ( (l + 2 + 5 + .. + m) - (1 + 2 + 5 + ... + ))
=In + n + ... + m

↑
((l + z + 5 + y) - (1 + z)) = 15 + +Cm = 4,

n = 2

- +... + t
= ni +

n + 2 m

> m + + + . + t
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So
,

if my n ,

then ISm-SnK1-

In particular , if m = In
,

then

Ism-snl > - = 1 -E =

Why does this make the

sequence
not Carchy ?

If (su) was Carchy then there

Would exist NTO where

if m
,

n > N ,
then

ISm-sn/Z
u

E

But from above it we pick]



n, N and m = 2n > N

,
Contradiction .

j
then ISm-snl > I

↓
~
Thus

,
(Su) diverges and

-does



Next we look atS

-ePl pose (a) is

monotonically increasing.

If there exists a subsequence

(an
,
) that is bounded from

above ,
then Can) is bounded.

roofnow that

a, 92 = Az - Ayas ...

A lower bound for (an) is a

Let's get an upper bound.



We are given that there exists

a subsequence (ana) thats

bounded from above .

So we have

An, Anz Any ...

Where n ,< nz < As .

where an < M for all no

Let n 1. .

Pick Some Nu > D .

Then, an ann < M.
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&
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So
,

a, an M for all ns1 .

#
-

Iherrem :Energes
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Let Su=o+
be the k-th partial sum.

So,

Si = 1

= It



= It
and so on ...

We have

S< 52[5z < Sy ...

So , (Su) is monotonically

increasing .

Let's show that (Su) is

a bounded sequence .

Then by the monotone convergence

theorem it must converge .

We use the lemma to bound (Sk)

We find a subsequence thats

bounded from above.



Let k
,
= 2- 1 = 1

Set Sk
,

= S
,

= + =1.

Let kz = 2 1 = 3.

Set Sun= S = to + + 5)
+( + (a)

I
-u = l + = l +

Let kz = 2- 1 = 7
.

Set Su = + + (+) + ( + 5 + y+)
< I + (2p + z) + ( +0

+ yo + yo +m)



= It
=1 + 2 + (2)

In general ,
set kj = 25 -

and r= We get :

Suj > 1 + + (2+... + (a))
- 1

= l + r + r +... + r5 - 1

=
=

Thus
, (Ski) is a bounded



subsequence . By lemma ,

and monotone convergence the

(Su) will converge . ⑭

:It can be shown that

=
=
=
* is

n = 1

= BBernoulliE
n = ( number



&1.

202057... Apera '
constant

1.
0369278 ...


