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Topic 2a-Application of

Monotone Convergence Theorem

-

Let a EIR with a >o .

You can find a monotonically

decreasing sequence
(a)

that converges to Ja.

Let a
,
>O be any

real number.

Leta
e

method.



Let's approximate E
.

Here a = 2.

Let a
,
= K 0.

Then
,

az= (a ,+
=z(1 + 7) = 2 = 1 .

5

And
, 93 = z(a2+2)

= E) + 352)= = 1
,
415

And
, ay = z(az+as)

=(i + (2))=
- 1 , 414215686 ...

And
, as = (au+



=(i)
=85721 ,

4142135623.

Note:

2135537
,

Therem:

Define : a ,
40 is any

real number

an+= (an+) for nxl

Then :

① Can=,

converges

②lin an e

③ lan-ral nerror
bound



Iroof :

D Break this into 3 facts .

Factlifor net

We know a
,
70 .

If also,
then[ak+

= z(an+ m

By induction,
an >0 for n

2: ana fur n2-
-

Let R31 .Team= ant)So
, an -29man+

+ a = 0

IMus
, x 2am+

X + a = 0



has a real root X = ak

Thus ,
the discriminant is

I So ,

not negative. I(2am+
1)- 4(1)(a) O

Thus
/

4+

- 49, 0

I So, 2 IAk+ 1
a

I
Thus

ana

Ifur RT I

Hence ,

-tafor n



It iand,
an for an

LetTian -(an + = )= tan-tan

=(
I

Fact 2 :

anaI [ Ian - aT O

Fact 1 :

So
, An-anti, 0

an > 0

Thus
, And, an+1L



Now we finish partQ

We have from above that :

92, 933, 947, ag].......as

So we
have a sequence

thats

bounded between an and Ja

and its monotonically decreasing,

So
,

by the monotone convergence

theorem ,
Canln= ,

converges

⑮

&Let's show lim an=a

n= X

We know L= liv an existss

We know anti = Can+)



Thus
,lik an=an

so
,

( = (L + E)

This,=+ a

So,
22- L

2

= a

Thus,
"

= a

So
,

L = Ja

JirigWe know L30 because

an > 0 for all n.

So



#z

⑥ (a) Suppose (XnIn is a

convergent sequence
with Xn30

for n31 .

#LiXe
= L

,
then 25, 0.

Iroof :

Let's prove
this by contradiction.

Suppose
LCO .

-
X3

X &

...
N

8

-↓ ⑧

I

X2

--

-[[ 2q
------------

E

-

---

L- ---

-------------

L-E - --
--



Let E = /21 > o

&
Since lim Xn = L there exists

n+

No where if Up N

thenIx-1/E
M

In particular /Xp-1/E .

So,
(xn-1) <

E

Then,
1y1 < <

i
- 121Xn-2 > /2)

-y

Sy
- 14)(Xn > L + 14



Since LCO we know ILl = -L .

Thus,
L-(-2) < XN > L-t

So,

24XND

Thus
, Xw O.

But the assumption was Xn >, 0

for all n.

Contradiction ,

Thus
,

L <O can't happen.

Hence, L > 0. #
-


