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Bolzano-Weierstrass Theorem
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Let (an) be a
bounded

Then there
exists

Sequence .

a convergent
subsequence.

-

If:

Let (an)
be a bounded sequence

.

By the
monotone

subsequence

there
exists a

theorem
monotone subsequence (ank).

Since (ank) is
bounded and

monotone, by
the monutine

theorem
convergence
it converges
.#
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Ex: Let's prove that

Chh= ,

is Carchy.

| x + y | =
> (x | + (y)Fort 10. [4 - inequality

Note that L
In- ) = (n) + 1 -m

= n + t

Pick NT
Then if n ,m >

N
,
then

In-= +m+



I

N
< E + E
= E

So
,
if n

, m > N , then

In-E ·

So
,
the sequence is

a

Carchy sequence. ⑪
-

em: Let (anl be a sequence

of real numbers
. Then,

can) converges
it and only if

Can) is a Carchy sequence.



Xeroof:

(#) Suppose (an) converges

So
, liman = L for some LER

Let E70 .

Then there
exists NL

where if RN
then

<2 ·

Then if
n
,
m > N , we

have

lan-am) = (an-L +
L- am

= (an-11 + 1-
am

E-- inequality
= (an-11 + 1am

- 2)

> 9/2 + 2/2



= E

So if n,m > N ,
then lan-aml

Thus , (an) is a Carchy sequence .

(4) Suppose (a) is a
Carchy sequence .

Let's show it
must converge.

By HW2
#9
,

since (an)
it

is a Carchy
sequence

must be
bounded .

By Bolzano-Weierstrass
,
there

exists a
convergent

subsequence (ana)
wherehim an



for some LEIR.

We will show
thatlim an= L

n- N

Let > 0 .

Since (an) is a Carchy Sequence

there exists
NTO where

n , m >
N then lan-amk *

Since (Ana) converges to
L

there exists No
Y

where lanm
.

-11 <*2.
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So if n > N , then

| an-1) = /an- any+ anx- 4)

= /an- Anco) +19m4

Na< 2 + 9/2
= E

Thus
,
if n > N, then 191-213

So
, lim an =

Wherefore(an) converges
.



Note: We used the completeness

axium in (2) above.

completenessCa xium
↓

monotoneance itoenenceootheorem

-/
⑫-Weierstrass

↓

Cauchy,&converges


