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&

Def : Let (an) be a

Sequence of real numbers .

· We say that (a)
is

monotone increasing
if
-

an = An ,
for all n.

· We say that
(an) is

if
Monotone decreasing

Forall n.
an+ An

· We say
that Can) is

monotone if it is
either

-

tole increasing
or

mono

Monotone decreasing.

-



Ex: an = n
· Aj

I
·a Eatonencreasing

an
I

Enotone·decreasingmonutune

EX: an
= 5 notoneincreasing

monotone decreasing

sF .... 00 W- Stone



Monotone converge theorem
-

-

If (an) is a
bounded[monotone sequence,

then (an) Converg es

Aof
: We will prove

this for

the caseWhen (an) is

monotone increasing. The

decreasing proofMonotone

is similar .

Suppose (an) is
bounded and

monotone increasing .

Since (an) is bounded we
know

there exists M > O

where lankM for all n.



Since (an) is monotone increasing

we know an ant , for all n.

So ,

a, azas [ay as
...

Let

=danInga. -

=Ga ,, a2 , az .... ] IS
= 50, 7,)

sinceibrit has a supremum
Let L= sup(s)

Let's show thatin an =



Let E70.

By the inf/sup
theorem

there exists NTO
where

L-/= L

↑
element sup(s)
of S

Since (an) is monotone

increasing , if
n > N,

then ap an

Since L= sup(s) we know

that an =L for all n.

Thus
,
if np N , then



L-E < an = anL

So if n > N then

L- <an = a ,
=) + E

↳

Thos
,
if m, N then

- 3 <an
L + E

So
,
if n > N , then

lan-2/ < E.

Whereforelivan



&

Def : Let (an) be a sequence

of real numbers.
Let

n< RzSRg < My
<...

be a strictly increasing

sequence
of natural numbers.

Then , the sequence (Anche
isasequence

of (an) .
-

Ex: An = i

Fiji ia
↑ 4
m= 1 n =
2=3= 4 -...

quence,
mining= 16



-

Monitorsubsequencetherea
real numbers , then

there

exists a subsequence
of Can

that is monotone
-

Prof:
We say that

the muth term

am is a "peak" of our

sequence
if am? an

for

all n > m.

am

I
&

-



:SupposeaSa
Then listing the

peaks by

increasing
subscripts we get

a subsequence
of peaks :

An, Anat An

with n, Rad Ry
S ...

So , (ank) is a
monotone

decreasing subsequence.

any

O &I 8

⑳ anz

...



:SupposeSaasas a

Set 111 if
there are no peaks.

Otherwise set n
,
as follows :

Let the peaks be
listed by

increasing subscripts :

am, Ama,
... Am

where am is the last peak.

Let n = Mr + 1 .

So
, an

,

is the
term

immediately after
the last peak.

So
,
an

,

is not a peak and

there are no peaks after an ,



Thus there exists n2 with

n , < 12 and An
,
<Ana

Since an, is
also not a peak

there exists ns
with

12 < Ms and Ana any

keep going like
this to get

a subsequence

an
,
<Anz And < Any 7 ..

with n
, <n2 < By .. .

Thus
,
(ana) is a monotone

-Increasing
subsequence.


