
Math 4650[9/10/25



Lef: We say that the

Sequence (an) is bounded
-

if there exists My

where Ianl M for all n.
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Therem: If (an) converges ,

then (an) is bounded.

Itconverges means lim an exists

↳roof :

Suppose lim an

Let E = 1
.

Then there exists N

where if n,
N,

then1an-211 .

So if n
,

N
,

then



lan) = (an - L + L

= (an- 21 + 14
S

S <1 + 14
D-inequalityTtx+ y

So
,

if n > N,

then lank1 + 121 .

Let

M = maxSla ,
I
,
lack ..., (av-il , 1 + 14]

Then
,

lan1M for all n.
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The converse of the

above is not true .

Converse : "If (an) is bounded,

then (an) converges .

"

Ex (an) = 5- 1" is bounded

since lan)

&butitdiversenot
bounded,

then (an) does

not converge .

pf : Contrapositive
of theorem

#-
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EX:

Let's show that (n2) diverges .

We show that its not bounded .

Let My0 .

Pick some no > M.

Then ,
1 nok M.

So
,

(n2 has no
bound .

So,
(n2) diverges .
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Algebra of sequences theorem
-

LetCan) and (bn) be convergent

sequences
with liman = A

n => P

and lim bn = B .

Let LEIR.

n+ x

Then :

D (dan) converges and lin dan=

② Cantbn) Converges
and limCantbn) = A

③ Canbal converges and linandn = As

① If be #0 for all n and B*0 ,

then () converges and his



roof d = 0
,

then da= 0 for all

S

Tim an = lim 0 = 0 = 0 . A = <A

nex
n = x ↳time

Now assume <FO .

Let E70 .

Since liman = A we know

n + 0

there
exists N where

if n > N then 192-Ak

So if n > N then

Idan-cAl = (a(an-All

= (x)(an- Al



< 11 · Fe
= E

So if n > N
,

then Kan-A)E

Thus
, Lin Lan = A

-

② Let 270 .

Note that

((an+bn) - (A + B)) = ((a= A) + (bu- B)

-(an- Al + 1bn- B)
#

Sincelim an = A we know there

n + 0



exists N
,

where if n > N,

then1an-Al%2.

Since lim bn = B we know there

n = 0

exists N2 Where if M
,

N2

then 1bn-BI <2.

Let N = maxENi s
N2Y

if n N
, thene

(an + bn) - (A + B) ) = (an- Al + 1bn- B)

< + 2 = E

linlatbal
= A



Note that

landn- ABI = 19nbn-bnA + bnA-ABI

= lanbn- bnA) + 1bnA - ABI
-1) - inequality

= (bn((a
=

- Al + (A)(b- B)

Since (bu) converges it is bounded.

So there exists My where

Ibn/ = M for all n.

Since Liwa = A there exists N

where ifm N ,
then lan-Al

Since lin bn= B there exists a

where if my Nathen Ibn-Bk



Let N = max[Ni
, N2 3

. Ei
Then

,
if n,

N we get

lanbn-AB) = /bullan-AltAllbn-B)

M.Al

=+
2/

< E + E

= E

linkbA
Note that
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Sincelim= there exists

N ,
where if n >, N,

then 1bn-BI

So if n > N ,
then

((bn | - 1B1) [(bn -B)
# 7



Thus if n > N
,

then

- Ibul-IB
So if n

,
N ,

then

#(b)
-

we want this

Since be + B we can
find

N2 where if n Ne

then (bn - Bl > /B)

Let N = maxENisN2Y .

If > N ,
then



I-
↓ ↓- 1bn-Bl-

=

(bn) (B)

IBR
= E

=


