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Them: Let f be continuous

on [a, b] with a < b.

Thenf attains it's maximum

and minimum on [a ,
b].

That is,
there exists a with

a = c b with f(ck, f(x)

for all aX-b .

there existsd
with

And addb with

f f(d) = f(x)

for all

nex



Xeroof:

We will prove
that fattains

it's maximum. For the

minimum, just repeat the

Proof with-f instead of f.

Consider

S = (f(x)(a = x = b]

*S = 20, 4]

in



Let's show that S is bounded

from above .

Suppose S is not bounded

from above .

nEI there
Then for each

exists a XnEb where

f(xn) > n.

Since a Xn = b

for all n

the sequence #
(xn)=,

is

a bounded seq vence.

The Bolzano-Weierstrass
theorem tells us that we



& et a convergent subsequence

Xn
,

> Xnas Xez ,

with n , < nz No ...

Suppose lim Xnm = C
.

NutX

Since a Xn * b,

by HWZ #6(c)

we get a timXm-

>

So
,

a = c = b
.

Sincef is continuous
at a

f(x) = lifXi
↑

⑮



But the limit on the

right doesn't exist

because f(Xnul Ur

so f(X)- X

becauseNr+ D.

Contradiction .

So
,

S is bounded !

Thus, M = sup(s) exists.

By the inf/sup theorem,

for each me N there

exist Ym with azym-

With
- < f(ym) = M



So, M - 1 < f(y , ) < M

M - E < f(yz) = M

M - < f(y3) = M

M - +(f(yy) = M
~X

& i E

Herei tiemin
m= P

Since (Imm=,

is a
bounded

Sequence [a[YmEb ,
Fm]

there exists a
convergent

subsequence (Ymelei

Suppose lim Ym = d.

met



Since a fyme * b for all me

we get a [ d = b.

Since f is continuous atd,

f(d) = lim flime)IM↑ me+ x

# Ef(ym)= M

menwz

Since f(d) = M = sup(s)

we know f(dl > f(x)

for all a = X1b
.

Thus
,
f attains its

Maximum
at d. M


