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corem(Intermediatevalue
thera

[a, b] with asb .

If for some yelR we have either

f (a) < y < +(b) or f(b) < y < f(a)

then there exists X With

a < X > b with f(x) = Y.

·



Xeroof:

We will prove
the case

when

f(a) < y < f(b)

The other case is similar .

Define

= St/act=b and fitty]

Note that

because

aa = b~ and#
at Z

f(aky .

E # So
,

EFP

And E = [a, b]
So

,
b is an upper bound for E.



By the completeness axion ,

X = sup(E) exists
.

lproveand f(x) = y

From HW1
,

if AEB then
S

inf(b) = int(A) = sup(A) Sue (B) .

Since E [a,
b) we know

a inf(E)) = b.

X

So
,

a = X = b .

Let's show that a < X > b.

First let's show Xb .

We know y < f(b) .



Since f is continuous at b,

there exists S>0 so that

if t [a, b) and 1A-bk < S

then If(t)-f(b)) < f(b) - y
L

E = f(b) - y

·y < + (b)

t

bi
So if b-sct * b

,
then

- (f(b) - y) < f(t) - f(b)( f(b) -y

So if b-f < Ab , then

y < f(t)(2 f(b) -y



So if b-f < A = b,

then y < f(t)
.

1

f(b)%Fe=

I

Since E = Sala-teb and f(t) < y]

we know El (b - 5
, b] =

So
,

b-f is an upper bound for E.

Thus,
x = sup(t) = b - S < b

So
, X < b.

-

S



Similarly you can show a < X.

Thus ,
a < X > b.

Now we show f(x) = y.

First We show f(x) =Y .

By the int-sup theorem,

Since X = sup(E),

for each neI there exists

XnEE with X- > XnEX

XnEE
-k = sup(e)

X-
1

E = Yn



This gives a sequence

Xi
,

Xz , X3 )
Xy ,

...

of points from E

with lim Xn = X.

n + 0

Since each XnEE we

know f(xn) < Y.

Since f is continuous at X,

and xe[a ,
b) and limXn = X

,

n+ x

by the previous theorem

we know that

lim f(xn) = f(x)
n +



By HW I, since f(xn) < Y

for all m
,

we get

limf(x)ina
n+ 1

So
,

f(x)* y .

Now let's show that f(x)y .

We will rule out f(x) < y.

Suppose f(x) < y.

Since f is continuous
at X

there exists 80 where if

A - (a,
b) and 1A-X/S,

then If(t)-f(x)) < y-f(x)
-

E = y
- f(x))0

because2f(x) < Y



In the above we can assume

that S > b-X by shrinking

8 if needed·

i
-

b = X

So if X-8cAX + Sab

then

- (y - f(x))( f(t) - f(x) < y - f(x)

So if x- 8 <A < x + &(b
,

then -y + 2f(x) < fitkY .

So if X-S(A < x + 5 < b

then f(t) < y.



Then
,

(x- S ,
X + 5) E

But then

Thisecontradicts
that

X = sup(E) .

Thus, f(x) < y is impossible .

Therefore
,

f(x)3 y.

Since f(x(*y and f(x)x]

we get f(x) = y. #
-
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