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Topic5- Continuity

Lef: Let DIR
,

aED,

fiD-R. We say
that

f is Metinuous if

for every
<0 there exists

620 so that if XeD

and Ix-al > S
,

then If(x-flask

=



If AID
,

then f is

if f is

#
with an example .

keep the following in mind .

D = ( 0, 070543

f : D -> IR

f(x) =&Y
y = f(x) v ⑮green
t⑮blue

4



There are two cases for our

definition of continuity.

Al: Suppose a is a limit

point of D.

Then we can
consider lim f(x)

X + a

By def of continuity ,
if

then
is continuous at a

① lim f(x) exists
X + a

② lim f(x) = f(a)
X + a

In our example
this is when↳a



Lase2 : Suppose a is not a

limit point of D
.

Then there exists 830 where

(a - f ,
a + s)(D = Ea]

Then if XED and Ix-akS ,

Weyet If(x) - f(a)) = If(a)- fall

= 0 < E

for any 30 .
So

,
+ is continuous

a + X = a
.

itY+ S

8 = 2



EX : Let f : /R-R be

-

defined by f(x) = X =

Let a EIR.

Let's show that f is

at a.

continuous

We need to show that if 270

there exists 80 where if[IX-akS ,
then Ix-akE

Let E > 0
.

We have

(x= a) = ((x - a)(x+a)

#all
pick a

we can

control with S starting
bound 01



S to bound

this term

Suppose S11
.

* Arbitrary startingCbound

Suppose IX-akS11 .

Then,

| x + a) = (x - a + a + al

= (x - a) + 12a)

> 1 + 2(a)

So if Ix-akSel ,
then

| x=al = (x - al . (x + a)

< (x- a) . (1 + 2(a)

Let S = minital 13



So
, Sital and 31 .

If Ix-akS ,
then

(x a2 = |x - al . (x + a)

(7(x -
al . (1 + 2(a)

<(a)(1 + 2(a))
JS

Sal = E
.

#-

-



# (Dirichlet's function - 1829)

Let f : /R-IR be

I if x is rational

f(x) = E o if x is irrational

M

⑧O↳
Haim: f is not continuous

anywhere.

C



#a EIR.

Let E = 42 .

Que1 : Suppose a is rational .

Then,
flal =

there exists

Given anyian irrational
number X

with

a - <Xa + S

making
| f(x) - f(a)) = 10 - 11 = 13

So
,

f is not continuous at a.



case:Suppose
a is irrationa

-

Given any S,
----

-I'l
a rational

there exists ·number X

with

a - 8 < Xa + 8.

Then,

If(x) - f(a)) = (1 - 0) = 13

So
,

f is not continuous at a

-


