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Function-sequence limit theorem
-

Let f : D ->R and a is

a limit point of D.

The following are equivalent
:

① lim f(x) = L

X= a

② limf(xn)
= h for every

n + x

(Xn) contained
in D

Sequence
with XnEa for

all n
f(x)

and Xn- a
L
means :

lim Xn= aSrn+ 1
[



roof:

② : Suppose
lim f(x) = L.
X+ a

contained
Let (Xn) be a sequence

in D with XnEa
for all n

and Xn
-> a .

-

lim Xn = a

n+0Su
Goal: Show lim f(xn) = .

n+r

Let Eso.

Since lim
f(x) = 1

there exists

X+ a

if o < I-akS
S > 0

where

then If(x)-2/
<E



Sinceim Xn=

and Xn# a for all n

there exists N>O

where if n, Ntea
So it n> N,

then 1f(xn) - LIE .

Su
,
lim f(xa) = L
n + 0

#D : Suppose thatlimf(xl
for every sequence (Xn) contained

in D, with XnE a for all S

and lim Xn= a .
n+1



We must show lim f(x) = L
X+ a

Supposeimf(x)
Let's show this

leads to

a
contradiction

Since Livf(x) #L ,
there

Her
exists E

,
>O where no ma

what so you pick , there

must exist some X ED

with O < /X-al S, ↓
but If(x) - 1138 . I
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Let's construct a sequence

(Xn) contained in D .

Given MI , set
Sn=-

From above, there
will exist

Xn-> D
with O<IXn-akSn

and If(xn) - 21 So ·



⑫
⑭a

claim:in Xn = a
-

[Let , we get(xn-al < Sn==
E

Note also that

If(xn) - 213EJafor all n.



So we've created a sequence

(Xn) contained in
D, with

Xn# a
for all n, and Xn

-> a-
but im f(xn)FL .J

n +D

Contradiction !

Thus , (im
f(x) = L

-



Mergem: Let DER and

a be a limit point of D.

Let f : D-IR and g : D
+ IR.

Suppose

limf(x) = L andim g(x)
= M .

X + a

Then :

Div [cf(x
= CL

,
where CER

② lim (f(x
+y(x = Lt

③In (f(xg(x1]
= LM

①kn[ , where



M + 0 and g(x) #O for

FallXthe tractive-

theorem .

- Sequence

Let (xn) be
a sequence

contained

in D , with
Xeta,

and Xn+ a.

Since lim f(x) = L and
limg(x1 = M,
X +n

X+ a
theorem

by the
function-sequence

lim f(x)
= L and limg(x)

= M

n+

n+1

By the algebra
of sequences

theorem

we yet that

hincf(x) = c
: linf(x



hiw [f(xn) + g(xn)] =limf(x) +in
As

= L + M

him [f(xn)g(xul]=inf(xel .
LinguAs

= LoM

Reapply the function-sequence
limit theorem

to get D ,Q,

We can
do this because (xn)

arbitrary .
was

For # , suppose
M+O and

g(x) # 0
for XED.

Since (Xn)
is contained

in D

we get
g(xe) 0

for all n.

By the algebra
of sequences thi



L)==
n- P

Reapply the
function-sequence

to get $,
limit theorem

that is

#=


