
Math 4650[10/20/25



Ex: Let's prove
that

# = -

-

Fr 310 .

We need to find S70 where

Nitox-ccks,

then 12-(1)) <

We have that

1 - ( ) =1



=--
we can pick a

control starting
with S bound on S

to deal with
this term

Let S I

picked
to

- 3

avvidmotor↳Suppose 20((x - (3)8 * t

Then
| x +3

inen, -
exte



Then
,

-1 -t <x + 2) - 1 + t

Then
,

- 2 < X + 2) -

Then,
-2)

-

=
↓
X + 2

Then, "[-2 G

12 -1
Z

So
,

if0 < /X-7-33/E

then21 2 .

Thus
,

if 0 < (x-7311 E

then 1 * - (-)) = (x +31+2



< 20(x + 31

Now suppose 6 = minEte].

Then
,
St and SE

If O < IX-(-3)/<S,
then

1 - (-4) = (x + 3).+2

< 2 . (x+ 3)

⑫
< 2 :Z

y⑰38 = E -

#



Theorem: Limits are unique.

That is
,

if f : D - IR

and a is a limit point of D

and lim f(x) = L
,

and /im f(x) = La ,
X + a

X + a

then L = 12
.

A
roof :

Let EX0 .

Since /im f(x) = L
,

there exists

X + a

8
,
70 where if O < Ix-akS

and XED,
then If(x)-412



Since lim f(x) = 12 there exists

X + a

S270 where if o < IX-akSa

and XED ,
then If(x)-LekE

Z

*

,a+S
a -S2

Let's assume
S

,
ES2 for simplicity .

Since a is a limit point of D,

there exists *ED with

< ( * - al < S
,
182 .

Then,

(4 ,
- (2) = (4 - f(x) + f(z) - (2)



= (4
,

- f(x)) + (f(x) - 4)

= (f(x) - 2
,

1 + (f(x) - 4)

>E + z
= E

So
,

14-bals 3 where

E is an arbitrary positiveember.

Thus
, 14-22)= 0.

Then
,

4-Lz= 0

=
22


