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Entopic3 continued ...

-

-Comparisontesta
Suppose

o An bn

for all my K
,

where K

is some constant.

Then :

① If Ebn converges ,

B contrapositivethenan converges .

② If Ean diverges, e
then Ebn diverges .

-

Aof : Suppose [bn converges .



Let So be the k-th partial

som of Sbn and tur

be the k-th partial sum

ofEan.

So ,

Sn= b
,
+ bz + ...

+ bu

An= a , + az+... + ak

Since Ebn converges ,
we

know (Sali= ,
converges .

Thus
,

(Sulp ,

is a carchy sequence.

mdo this so

an 1bn
Let 270 .

Then ,
there exists

where if my, >,
N then

ISm-Sn/ > E.



Then if m n > N
,

we get

Itm-An/

=> I (a ,
+ act ... + am)-fa ,

+ ant ... + a)

= /an +1
+ an+ z

+ , + am)

#Ith-Inta
↳
-

- An + i
+ An+ z

+... Am

Ebatit butztet bm

>
= (bn + 1

+ bn + 2
+ ... + bm)

T



↳

⑮
= /(b ,

+ but ...
+ bm) - (b ,

+ but ... + bn))

= /Sm- Sn) < E
A

L sinceEmy n > N

Thus
,

(Ari
,

is a Carchy

sequence and thus converges,

- aconverse
=

+ 5++,



We have

n
when n 1

,

We know t converges

(p = 2 Series ,
P>1 C .

By the comparison
converges .

top
Suppose O < p > 1

.

If n >, 1
,

then PER .



I

So
, int ⑳

We know the

harmonic series diverges

So
, by the comparison test

,

-disa
Let (an) be monotonically

decreasing and an> 0 for

all M
.

Also assume lim an = 0.
n + x

Then ,

&-la = a
, -actag-a



-overs
an= 0

monotonically
an== an+,[decreasing

lim an = lim i = 0
n + x n + 0 called

alternating
harmonic

Thus,converges [series
S

~the alternating series test

-roof of alternating series test :

Let Su be the R-th partial
sum of the series .



Here

Su= a
,
- az + az - ay +... + (1tar

We must show (Sk) converges .

We are given that an Anti

for all n.

So,
an-anti -0

for all n.

Let's look at Sam

wa
(a

,
- az) + (az - ay)

+... + (a2x -1
- azn)

+-Azrtzl
= S2k



= Sz(k+1)That is
, (Scr ,

is &
monotonically increasing.

That is
,

S2
,

Sy
,

Sa
,

Sg , Siogn .

is monotonically increasing.

Also,

San = an aTo en
- azk
u

> 0

So, Sar< 9 1.

Thus,
(Sarlie

,

is monotonically

increasing and bounded .



Thus
, by the monotone convergence

theorem,
(Szal converges to

some real number L

Let 3L0 .

Since lim San = L
,

there

n+ D

exists N . O where if

Ra
,

N
.

then ISan-Lk

Since lim an = 0 there

k+ D

exists N240
where if

>,
Ne then

192m) = 1acm-0192



If k<, max & NisNaY ,
then

/Sar+ -h) = /Sam + ann+ 1

- 1)

= (Szn - 2) + 192u + 1

< 2 + 2/2 = E
.

Thus
,

if m >, max & Ni ,
N2Y

then we get both

1San-2/ < > and /SunriL/

Hence if mc, 2 max & Ni , N23 + 1

then ISm-L1 < E.

~

Mrs
,

(Sm) converges . K


