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2-Subgroups
↓

Let : Let G be a group

and It be a subset of G.

G
We say that

H
It is a subgroup ⑳of G ifH

itself is a

group under the

same operation as G.

We write H = G

to mean "It is a subgroup of G
"



Ex:

G = /R is a group
under addition.

H = 2 is a group
under addition.

& is a subset of IR.

[So
,

=IR .

= is a

subgroup
of IR

#Note: Under addition :

2 = Q = IR = C

↑ ↑ ↑ T

⑪alsher
-



oremiLetre a

element e.

LetIt be a subset of G.

Then,
It is a subgroup

of G if and only if

the following
three

conditions
hold :

① e elt

② If hi
,

ha El
,

cha

then hiha Elt.I gration
closed

③ If heH , 7 under

then h'E H
.

inverse
G

What



A roof:

(FY)] Suppose HEG .

Let's show that 0
,
Q, hold .

under

Since I is a group

the operation of G
,

it

must have some
identity

identity&element en S - f G

Let's show that en
= e.

We have Since CH
S is the

= &CHH identity
of H

=since e
, CHEGEneis the

identity of G

Since CHEG and G is a



group we know eff exists in 6.

So
, apply et' to e

= H

On the right side to get
- I

egene-
C G

So
,

ee = eye .

Thus
,

e = en - ⑫
Su

,
eEH.

So
,

D holds ,

② holds because H is a group

under the operation of G.

③ Let hel. h means

Let's show LH.nainverse



Since It is a group under

the same operation as G

we know h has an inverse

inside of It.

exists htH
That is

,

there

hh = h n = e.
with W
Let's show that h= h !

hh"= hih = e

In G we have-
So,

hh' = e =A
L --
-

Then
,=This

2

So
,

eh' =
ch

Thus ,
h = h '

.

So
,

n'EH.



Thus
,

③ holds

(8) Suppose 0 , Q ,
③ hold .

The only condition left to

check to show that HG

is to show that It is G

associative . But I is

a subset of G and G ⑪
has associativity

Mus,
It does also . ⑪



Ex: Consider

2 = S,
i

,
=

,
5

,
4

,
53

Ig is a group
under addition

with identify e =

0

.

Let H = 5 ,
2 ,

Y

Let's show that H G.

=>under
bythe

π + 4

-
2 +i = 5 = J -"

= zHE
z" = H

-

=j = z
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Ex: Recall that

GL(2,
1) = E())b3

is a group
under matrix mult.

Let

SL(2 ,
12) = &(a)) 3

↑

#car""Special

SL(2 ,
IR) is a subset

Note
of GL(2 , IR) . GL(2, IR)

SL(2, IR)

⑭(2)Wil

(ii) · (2)



Blain: SL (2,
1R) <GL(2, IR)

roof:

① The identity is e = (vi)
which has determinant I

.

So
, (oi) ESL(2, IR).

② Let A
,
BESL(2 ,

IR) .

Then
,

det (A) = 1 and det (B) = 1
.

Then ,

det (AB) = det (A) det (B)

=1 . 1 = 1
.

So
, ABESL (2 ,

IR).

③ Let C = (a) be in St(z,
R)

.

Then, ad- bc = 1
,



We know

("=c)-- ) = + ( )
= ( )

Then
,

det (c) = da - (- b)) - x

= ad - bc = 1
,

So
,

<"ESL(2, 1R).

By D , Q , we have

-RIG(2,R



Note: Every group has

these subgroups :

[
H = Se3

trivial subgroup

-

subgroupWH = G = Improper

-


