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Theorem : Let 4 : 6
,
- G

-

be a homomorphism .

Let

e
,

and es be the identity

elements of G, and G2
.

G G2

&
Then

①q(e , ) = ez

② If x = G
,

then 3(x = ((x)
③ If XeG and REI, R

then p(xk) = [q(x1]
① Rer(q)]G,



⑤ im(g) = G2

⑧ & is one-to-one iff Merca = Seb

⑦ ↑ is onto iff in(4) = G2

Gz-roof: categ
① We have

g(e , ) = q(e ,
e

, ) = q(a)p(e)

Then ,
↑X ↑momorphism

let
So ,

e



Thehave that

p(x)q(x) = q(x x) = q(e)
I ①

=ez
& is a[homomorphism

So
, g(x))y(x) = e

Thus
,

[q(x)]" = q(x)

-

③ If k = 0
,

then
①

q(xi = g(e ,
) = e = [3(x1]o

If k>0,
then

Imomorphism
e(x) = g(x) = g(xq(x .l

= ((x)]k



q(xk) = g)(x4)")

E(3(x4)]
+

⑭E(q(x19(x) ... g(x)]
+

= p(x)g(x)" ... g(x)
+

= (y(x)" ]m
= ((x)]

-

Let'sShow Ker(d) G
..

Recall
ker(a) = Ex + G

, (4(x) = 3)



G, G2

i
(i) We know from above

that (e ,
) = ex .

So
,

e
,
Eker(g) .

(i) Let X
, y = ker(9) .

G G2
Then ,

9(x) = ez ⑳and(y) = ez xy

Su ,



y(xy) = g(x)p(y) = eze = e

↑
O is a[hom .

Thus
,

xyEker(s) .

(i) Let Zeker(e) .

Then ,
q(z) = Cz -

Ecker
So

,
glz((z)" = eje

2222= 22Thus
,

z"Eker(a) . [

By (i)
,
(i)

,
(ii)

er(q)= G,



-enteaas

(8) Suppose Ker(q) = Se , ] .

Let's show & is 1-1 .

Let X , Y EG ,
with g(x) = gly)

We must show that X = y.

We havep(x) = p(y).

So
, q(x)p(y)" = q(y)q(y)

Then g(xhg(y)" =

22]
So , q(x)g(j) = eny

,eis



And, q(xy") = erh
Su

, Xy
* Eker(q) .

Since Rer(p) = Se ,
] we

know xy = e ,.

Then , =
So

, X = Y.

Hence , g is 1-1
.

(2) Suppose & is 1-1 .

We must show ker(9) = Se , 3.

From ker(s).

Now we show Rer(a) = Se , 3.
Let XEker(e) .



Then
,

q(x) = ez
.

From O we know (e , ) = ea
.

Thus
,

g(x) = g(e) .

Since o is 1-1 we

get that X = e ,.

so se,
Thus

,
ker(d) = Se , 3 .

ohis onto iff in(q) = Gr

- the
definition of onto.


