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icontinued
up under +

-

22X2z = G(, %)
,
(0

,
i) , (isi) , (i,i1]

-

↑entity element

Because both groups G
,
= 22

and G = 22 are using addition

instead of writing

(
,
i)(i , i) = (0 +i ,

i +i) = (ij i)

*
We write in 22

(5 ,
i) + (T ,

i) = (j +i , i + i) = (T
,
j)

P
Ethere



=>
-mecalculati = 10 ,

%
(T ,) + (T ,

) =

(ii) + (i ,
i) = (i +T

,
i +i) = (5 , %)

Two facts from table :

-

& 22XI2 is an abelian group

(a,5) + (i ,d) = ( ,
d) + (a ,

5)



② Every element is its own inverse

because

(2 ,
5) + (a, 5) = (5

,
%)

#i
Answer #1 :

-

We would need an element of

order 4
,

but all the elements

are order 2
.

So its not cyclic

#wethat each element generates.

<(j) = E(5 ,
01] none

of

< (T,
017 = &( ,

i) ,
(is)] I these

< ()iK = E( ,
:1

,
(0 , i1] are

22X2z
< (i

,
ii) = E(5 ,

%)
,
(i ,T1Y



So
,

22XZ2 is not cyclic

-
-
-

CUREOF WORLD OF GROUPS

·R



Theorem : If G
,

and G2
-

are both abelian groups ,

then G,XG is abelian.

Profi
Let (a ,

gal
,

(bisbal E G
,
X G

where
a.

,
b

,
EG ,

and ac bet O

Then ,

(a ,, az)(b , bu) = (a ,
bi , azb)

= (b ,
a

,, bzaz)
SinceEGi is abelian

= (bi
,
ba)(a ,,

92)
.

and G2 is
abelian

#
~

G
,
xG,

is a belian



Therem: [mX In is cyclic

if and only if ged (m
,
n) = 1.

of:

(8) Suppose god (min) = 1.

We will show that (T ,
T)

generates all of EmXZn.

Suppose that

(T ,
T) + (T ,

T) +. .. + (is) =not
- identity

d times

where d > 0.

Then

ja, ) = (j)



So
, i = 0 in Em and

i = 0 in En.

Thus
,

d = 0 Curd m) and d = O(modn)
.

So
,

m/ (d-0) and n/(d - 0)

So
,

mid and nld ,
multiple

So
,

& is a common

of m
and n.

The least common
multiple

of m
and n is a

which in this case is

Thus,
d > mn .

Also ,

Sit (Tsi
=Can I



= (m . nsmin)f(5 . n
,

m . o

-= in Inm&n = 0 in En

= (, ) .

Thus
,

(i,iI has order mn .

So,mx[n = <(i
,
ii]

hasnun

elements

Thus , EmxIn is cyclic

with generativ (T
,
T)

.

(F)) "If EmXIn is cyclic,
then gcd(m,

n) = 1
"[contrapositive :

Il

If gcd(m, n) + ), Il

then Emx En is not cyclic



Suppose d = gcd(m,
n) > 1.

Let (
,
5) -EnXZn

We will show (5
,

5) cannot

generate [mXEn.

Then

(r
,
j) + (5 , 5) +... + (5

,
j) =

m

times
& since a divides MEanda divides n↳

= (m .E,
n . 5)

↓27



*2

=(.,0.5)
↑

=
Thus

, any element (F
,
5)

of EmxEn has order

at most
Since ZmXIn has mn elements

we know ( , 5) cannot

generate Zmx2n -

~Emx En is not cyclic


