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Attem: LetI be a subgroup
of a group 6

.

Then the following

are equivalent.

① I is normal .

② gHg'EH for all geG

③ gHg = I for all get

where

Eight
(0 =Q)
Assume It is normal

.

that is
,

assume gH = Hy for all geG .

Fix Some ge G.

We will show that gitg" H.

Let yegHg!



Then
, y = ghg"Where he H.

We have that ghegH and gH = Hg,

thus gheHg .

Thus
, gh = h

, g where h
,
EH.

So
, y = ghg" = L=h

Thus
, gHg" H.

80 ③

Assume that xHXH for all XeG .

must show that xHx= H for all XEG .

We

This comes down to showing that

HEXHx" for all XeG.

Let's Show H&gHg! ↑Let get be fixed,

~

using assumptionLet hel. [S with X = g-

Then , ghg = gh(g) -> H



Thus ,
ghg = ha

Where hzEH.

Then
,

g(g"hg)g" = ghug"-

So
,

h = ghegt
Hence he gltg".

He
Assuming xHx = H for all XeG .

We will show that It is normal.

Let geG .

We will show that gH = Hg .

H
Then y = gh where hel.

↑



By assumption gHg" = H.x =g -

Since ghg"-gHg
"

we know ghg"H.

Thus , ghg" = hs where by th.

So
, gh = h39 -

Thus
, y = gh = hygcHg.

Thus
, gH & Hg .

#gH:

Let zeHg
.

Then ,
z = hig where WH.

x = g
By assumption g"Hg =# using

assumptionCinX HX" = H

Since gl'gegHg we

know g"hig el.

Thus
, 9 "h'g = hy where hy EH.

Then
, hig = ghy

So
,

z = hig = ghy -glt .

Thus
, HgegH.



#refore,
gH = Hy and It is normal .

#

Theorem : Let G
,

and Ge be groups .

-

Let 9 : G
,
- G2 be a homomorphism.

Then,
Ker(a)* G

,

Gz
G

,

F
Recall

mer(el = (x + G
, )q(x) = e]

↓
roof :

Let H = ker(a) .

We previously showed thatH is a



subgroup of G,

Let's show that It is normal in G
.

From the previous theorem we will

show that gHg" & H for all get

Let xegltgt
Then

, X = ghg' where hel.

Then, since o is

q(x) = g(ghg) 3 a homomorphism

= g(q)g(h)q(q) since

& hel = Ker(a)

= y(g), q(j)
since o is

= p(g)g(9] a homomorphism

= q(gj)
= ple , ) ze,

identity of G,

= 22
& fact about homomorphisms

Thus,
xEker(g) = H .

So, gHg"H no
matter what g is



-H = Ker(e) is normal in G.


