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#Topic5-Cyclic groups

Theorem

TetG be a cyalic group .EG,
then It is cyclic

t G is cyclic,

G = (x) = Ex(m= z]
=E...,
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where XEG .

Let HEG .

We show that It is cyclic

If H = Sey ,
then H = < e7

·



Now suppose H # Se].

Then there exists

alt with afe . G

Since G = <x] It
we know

a = X
R↳

where

[R #0 since a t e)
Note that a = (x*)= X* H

because alt and H= G.

Since k + 0
,

either

k > 0 or - k > 0.

n

So I contains some X

where n is a positive integer.



Let m be the smallest positive

integer where XWEH.

Kin: H = < x
+>

claim:

Note that <Xm > &H,

because
XREH ,

and

thus (xm9EH for any le2/

because HEG .

Now let's show HE (x*) .

Let yeH.

Since HEG and G = <x

we know y = X
+

where feR.

Divide m into f to get

f = qm + r



Wheref, re and Or < M,

So
,

x
+

= y
Am +r

= xfmyr

Thus
,

x" = x 7mxf

= (xifx+ H

P ↑
⑫HThsoning:[(xmy = |t

,
x+ H -

#becauseHEG
.

So
,

xElt and Or > m.

But m is the smallestAstive

power of X that is in H.



Thus
,

r =0iv

Hence,
f = qm + r = qm + 0 = qm .

Thus,

y = xt = xfm = (xm)9

Ergo,
H =< X

*]

Therefore,

#<x).



Ex: Find all subgroups of
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SinceI= < T) is cyclic

We know all the subgroups

are cyclic

Aw: G is a group,
XeG .[Then : [x) = <X*

All subgroups
of [12 :

-

<7 = 553
(i) = E,

i ,z , . . .,Y = 12

(2) = 5,
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(5) = 55 , 5,
5

, 93

(i) = 50 ,7 , 53
< 5) = 50,
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< 5) = 50
,
5)

< 7) = (5) = 2
, 2

↑

sinceE + 5 = 0

(5) = (i) = E0 ,
i

, j)
A

LT I
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(5) = <5)
,

<To) = <2),
↑
T <ii) = <i).

↑
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Theorem (Homomorphisms
out of a cyclic group)

Let G =<x) be a cyclic

group .

Let G be any group.

Let's classify all homomorphisms

4 : G
,

-> G2 .

Supposex has finite order n

-

Pick yeou with order m

dividing n .

Then ,
4 : G

,
+ On

given by 4(xk) = y is a

homomorphism .

Furthermore,

homomorp hism from
every form .

G
,

to 62 is of this



G G2

&
you-

X G⑳( &
X has order n

y has order mC WG
,
= <] wherem divides n

-
seniSupposexhas

intiter a

restrictionsEnon y

Define 4 : G
,
+ G by p(x) = y ?

Them & is a homomorphism .

Furthermore , any homomorphism

from G
,

to G2 is of this form.
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G = <x]
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