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Recall;
anintegers

&[i] =5a +bi)a,b
-x.)

norm: N(l-2i)
-

N(a+bi) =a
+b- 3 =1+1 -2)2

=S

If z,we[i], then

N(zw) =N(z)N(w)



In I, we say thatne

is a bitifE2.

The units of I are 1,-1.

Fleetne[i]

We say
thatu is a itif

+- x[i].

-
:
+
=1exz

i) sotit.
=- 1ex[]

sounit.

i
=(i)() == =y =

-i =x(i)

sounit.



↓

-x[i] sounit.=
-

So, I,-1, i, -i one
units.

-

atzeSib
Then, I is a unit

if

and only ifN(z)=1.

The only unitsare I,-1, i, -i.

rot:
(#1)) Suppose I

is a unit.

↓ is in [i].
Then, W

=

I



So, zW = 1.

Hence, N(EW)
=N(I)
e

1 =1 +0i

So, N(z)N(w)
=1 +02

Ergo, Iz(W)=1.
-
these are regular
non-negative
integers.

We must have N(z)
=1

and N(w) = 1.

So, N(z)
=1.

(2) Suppose N(z)= 1.



Letz =

a +biwhere a, bEX.

Then, a
+b* =1.
e

N(z)

The possibilities are

(a,b) =(1,0),(- 1,0),(0,1)g(0,
- 1)

These correspond to

z
=1,- 1, i,

- i.

We saw earlier
these are units

So, Iis a unit.

#

-



picture
of
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-- .I
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- I N(z) =1inM-picture

".. I ·2
+

a
+b=5

circle
cente =0

-

⑧z- i
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-
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8

-

8

--2i
-
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Hef: Letz, w- X (i],
= F0. We say that

z

Airides w ifthere
exists

kex(i) where
W
=ZR.

If I divides w, then
we

writez/w and we call

divisor
of W.

= a
-

IfI does
not
divide w

then we write
z/W.

=36since G=
WE k

W,z,k =x(i)



E
2 =(1 +i)(1

- i)

so, (1+i)/2 and (1-i)12.
#

Itidivide
3?

-

Let's see:

3

#i
.
=#
E

=
-=ix(i)l

So, H is does notdivide 3.



I

find all the divisors

of 3.

We have

3
=(1)(3)

3 =(- 1)( - 3)

3 =(i)(- 3i)
=(i)(i)

=(

-
3
=(- i)(3i)

so, i*
units

are divisors of 3. Arethe



Suppose z13 where zEx[i].

Then, 3 =Ek
where ke4(i].

so, N13)
=N(zk).

Thus,
=N(z)N(K)
ene

3 =3+ 0i&non-negative
N(3) =3+0=9 integers that

divide 9.

So, N(z)
=1, 3, or 9.

1:Suppose
N(z)=1.

Then, by the previous
theorem

i,or- i.
We saw these all

divide 3.



2.appe,Nd a, bee
a
+b2 By the table

there are no
Z with

N(z)
=3.lall have3 a+b3

->

S: Suppose N(z)
=9.case

Letz =

a +bi,a,beX.

Then a+b*=9.

The solutions are



(a,b) =(3,0),(- 3,0),

(0,32,(0,
- 3)

These correspond to

z=3,-3,3i,-3i

Theseare the for we

found earlier.

Therefore, the only divisors
of

3 ane 1, -1, i,-i,3,-3,3i,-3i

-



Def: Letze x [i], z FO
--

The elements

z,
- z,iz,

- iz

are
called the

associates
-

-
Note:
#fz =x (i), Z FO,

then

so z is

z
=(1)(z) divisible by

z=(
- 1)( - z) the units

z =(i)(
- iz) 3 atz

z=(-i)(iz)
z, - z,iz,

-iz



Hef:Letz z [i].

We say that
Iis fine

in [i] if
Z is not[① Z is nota

unit
t

and & the only divisors

of Z are

-is
,

-iz.

units associates of Z

-
-

Ex:We saw earlier that

3 is prime in [i].


