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~opic S continued ...

Fermat'sTheorem

If p is a prime ande[then
Pt

= T in Ep

Reformulation: alWIf gcd(a , P) = 1 ,
then aPt = /(moda)

Foot: Let -o

Since p is prime,
then

-> 3
=ET,

2
,

5

, . . .
.

S p
- 1 &

So ,
410) = 121 = -

dean



Erler's theorem says

- 41
= T in*a

Thus ,

=T in
M

Ex: (HW5 #9)↳Calculate 5127 in 212

*als
, 12) = 1

S

=EQissit. Eit,A
↑-/gca(2

, 12) = 2 # ) gcd(3, 12) = 3 + 1
9cd(1

, 12) = 1



Zi = ET,
5

,
E

,TY

Thus
,
JEZ and q(12) = /Zin) = 4

Euler says :T

E31/4) +34So , E
-127-310473231

%-E

= 5 . 5

= (54)3 ! 53

5 +
3

.
5

- 3=ni
= 5

Thus
,

5175 in Riz

-S127 = 5 (mod 12)



Lef: Let neI ,
ny 2.

We say
that get is

ainitive
root if every

X is

element En
-

R

of the form * = g

where h is a positive integer.

Issu
tive root means

- is a prim[E is a generator for

Z under multiplication

so Z* is cyclic



=T

rout ?
primitive
-

SowersT= T

3
Positive

-

-2 I
only give-

I[-T = 1

i

SoT is not a primitive
root

root ?
3 a primitiveIs- t

= every elemen

=G ofEto is[-= 27 = & cositive 3a I

3 power

j" = 5 =
root

Thus , 5 is a primitive



#a primitive root ?

=
-== We
7

7 = = F =G .E = 53 = 55 & e[-3

- 4
= E =5 .7= =G

7

Thus ,
# is a primitive root.

Is Ga primitive root ?
- the powers

= of
don't

2= 5 = generate
all the[- 3

= 5 = T =
elements

9 of

4 = 35 = 5 .
5 =⑰&

51,
5

,
E

,5]
: i

I is not a primitive root



The primitive
roofs of

Zo = [T
,
3 ,

E,]

are 5 and F.

-

Ex : 25 = [T,
5

,
5

,
EY

-

What are the primitive
roots ?

Towers

-5== 52= Es =EJETTE j= 515= 5. T =5
T

j" = 5 .5 =5= j" = 5 . 5=
: : i

-



we
=

2

= T =G
E = E = TE =

E" = E . E= 45 =-
:

There is a primitive root in Ey
-

Theorem : Let p
be a prime .

-

exists a primitive
Then

,
there[root of ·

there are

Moreover , roots
y(p-1) primitive



Ex: [ = [T
,

=
,
5
,
i]

P = S is prime

not primitive root : Ts
primitive roots : E

,
3

82

q(p - 1) = g(s - 1) = g(4) primitive

= 124 roots

= (ST,
53)

= 24



Heurem: There exists
X

a primitive root in
n

if and only if n is one

of the following forms :[R

n = 2
,

n = 4
,

n = p ,
or n = 2pk

where p is an
odd prime

# Does Z have a

primitive root ?

3

H = 3 = p where p is an[odd prime

So
,
Z7 has at least

one primitive root



EX:NET-[Z has no primitive root


