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Theorem (from Monday) Leta,nexwith nx2.
--

Then, a
has a multiplicative inverse

in En

ifand only if god(a,n)=1.

moreover,
if a has a multiplicative

inverse

then thatinverse
is unique.

in Zn,

wrof:

(1) Suppose thatgod(a,n)
= 1.

Then there
existintegers

to and yo

where
axothyo=1.
-

Thus in In we have axothyo=
T.

Hence in R. We
have xot

y= T.

So in In we have xo+
55.= T.
u

8

We know i =0 in In,

thus we have Xo=T.

So, do is a multiplicative inverse
for a in In



(F) Suppose in has a multiplicative

inverse in In

Then there exists be 2 where

a.=T in 2n

Letd =g(d(a,n)

Our goal is toshow
thatd=1.

suppose instras
thee

Let's show thatthis
leads to

a
contradiction.

Since d>1 We·We know



Hence, ergo, thus in In

Buton the other hand

i =() =()-T =5).a.5

=> (F).5 =(g).5
2-
because

=I .5.5 =0) -b
=8Xd/a P

because

d=g(d(a,n)
- -inkn

So.
Thus, I F8 and I =0.

Contradiction.

So, d
=1



Smoreover part
Suppose a has a multiplicative

inverse. Let's show the inverse

is unique.

Suppose I, and 5, we both
for a.

multiplicative inverses

Then, ITandT.
Let's show 5,=5z:

We have

5, =5,T =5..(a.5)
↳

=(5,a).92



= (a.5.).52

=T,92
=Iz

-e-

Atation:If atIn
has a multiplicative

inverse

then we denote
it's unique

-

inverse by a ⑤

-



Hef:Letnex with ny2. .

Define

x =[a =xn) miicntire inversel

-(gcd(a,n)
=13

In's a grou
under txisagreeunder ⑧



#Let'scalculateRo

We have

21.
=50,1, 2, 5, 4,5,5,7,8,53

qcd(S,10) =S Fl
qcd(0,10)

=10#)
ycd(6,10)

=2 Fl

(0)=1
galz,=

27) z+

Ed (0)=1
so, ,5,5,93
T. T =T

W -3-so



#Let's calculate25and

every
elements multiplicative inverse.

215
=E,,2,5,4,5,6,7,8,5,1,, 52, is,in

⑮15)=1
g(d(0,15) =15#) ycd(9,15) =3F)5)=1 g(d(10,15) =5F),15) =
q(d(3,15)

=3F) "E's
(15)=3 =1
ycd(5,15)

= (15)= 1
qcd(6,15) =3

F1 (15)=

)=1

Thus,

-,,, ,T,T3,T4]



T.T =

T

=E.T =ai =T

i. T =Ri
=T g -

T4,T =6
=T &
-
E

j'=2↓ itT T =π

5
*

=EI i=T4



#>If p is
a prime, then

2, =50,5,2, ...,
13

and

Sir
*Iis prime so

21
=40,1,2,5,4,5,63

24 =55,2,3,4,5,53



Theorem: Letmewith n >, 2.
-

Then, Y is closed under

multiplication.

Thatis, ifa,
be,

then a 5 = 2n*

rot. Leta,be

Then, a
and I have

multiplicative
--

aand
b.

inverses

soT andT.

Ourgoalsashowat
a
re

v 7hence is
also in En

dam:(ab)=5".



We see this is true since

(a.). (5:"l↓--
-

S.
e

-

-
=1

So, at has a multiplicate inverse

and hence atIn #


