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I
Then there

exist unique integers 9- ,
r

where a = g-
b t rana,,U

proo Let a,b c-
I with b > 0 .

Consider the
set

1- = { a- ✗ b / ✗ c-
2 and a- ✗b ≥ 0}

[ a = 10 ,
b =3a-2b=1o-2(3)=4≥0←÷

a- 3b = 10 - 3 (3) = I ≥ 0 ← IET

a-4b=l0-4(3)=-2≥0--2ET✓o/
≤1ai T is not empty

proofofclaim:



Lasek suppose a -0 .

Then
,
if you set ✗=0, then

a- ✗ b = 0-06=0 ≥ 0

So
,
OET .

Case Suppose a >
0 .

Set ✗ =
-1

,

and get gq!
a- ✗ b = a-

C- 1) b= atb > 0

So
,
at BET

Case3:_ Suppose
a < 0 .

Set ✗ = za
and get

a- ✗ b = a- Zab = all
- 2b) > 0

- 2b ≤ -2"
'

a- zabet

Thus
, -1=1/0



Since T is not empty and every

element of T is non - negative,

T must have a smallest element .

Let r be the smallest
element

of T .

So
,
r≤ t for all te T .

Since r is in T we can write

r = a - qb where 9- EZ

[I'm using g- instead of ×]

Thus
, a=7b .

Is ◦ ≤ r< b 27£



We know 0 ≤ r because RET
.

Why is r< b Big
Let's rule out r ≥b .

Suppose r ≥b .

Then
,

and

r-b=(a-bg_)-b=9¥¥¥¥
Then r- b ET . [

④

But then 0 ≤ r
- b - r

This contradicts that r
is the smallest

element of T .

Thus
,
rsb .

So
, a=7btrandO≤r<b.@



What about uniqueness ?
Suppose a -_ 9-btr and a=q'btr

'

where 0≤r< b and 0 ≤ r'< b

and 7,91, r, r 'EZ .

Let's show q=q
' and r=r!←•G①

!÷÷÷:÷¥:¥÷smer±r
.

Subtract a=qb+r
and a __ g-

'btr
'

to get

0=(9--9-1) b. + ( r - r
' )

so, ✗
( q

'
- 7) b = r - r

'

Thus
,
b divides r - r

!



Recall O≤ r'≤ r - b .

Subtract by r'toge#
o≤r-r'<b-r_≤ b

Thus,
◦ ≤ r - r

'
< b

But b divides r
- r

' l?

Thus
,
r - r "=0 .

So,r

Plug r - r '=o
into 0=19--9-46+4 - r't

to get
0=(9--9-1) b.

So either of - g-
'
= 0 or

b= 0 .

But b > 0 .



So
, of -71=0
Thus

, 7=9-0
We've proved uniqueness .

T"
-

Theorems Let a
,
be Z

,
not both zero .

Then there
exist integers ✗ o , yo

where

god (a)
b) = a ✗ ◦

1- bye

proof:_
Let a,bEZ , not

both equal to zero .

Define the following set

5 = { a ✗ + by / ✗ is EZ}



={¥÷÷÷¥%=
2. a - 10000 b , •

• • }
✗¥Éooo0

Note that

a = a (1) 1-
blot

- a= al- 1) tb ( o)

b = alot 1- but

- b=a( 01 + btl )

are all in
5

.

Since a, - a ,b ,
-
BES and a and b

are not both Zero
,

S must contain

at least one positive integer .

Let d be
the smallest positive

integer in
S .

Then , D=
axotbyo where ✗qy.EE .



Now we show d is the god of

a and b and we are done .

First lets show that d is a

common divisor of a and b.

Let's show d / a.

By the division algorithm
we

can

write a -_ dqtr where
0 ≤ red

where 9- ,REZ .

Let's show r=0 .

Note that
saying

r = a
- dat

= a
- ( a ✗ ◦ + b. Yo) 7 in 5

= all - ✗ ◦ f) + bfy.gg
]ʳ is

TEE



So①
But also 0≤r④
Since dis the

smallest positive

integer in S , this
forces r=0

.

Thus
,
a = qdtr = qd .

So
,

dla .

Similarly you can show dlb .

So , dis
a common

divisor

of a and b. positive
why is d the greatest

✓
common

divisor of a and b

Suppose d
'
is an ◦ the mon

divisor

of a and b.



We musow d
'
≤ d.

Since d
' / a and d

' / b we know

a =D/ K and b =D'd

where k,LEI .

Then
,

D= a ✗ ◦+ by .
= ( d't)X◦t(d'll Yo

= d
' [kxotlyo]

So
,
d
' divides d.

Since d
' / d and d and d

'

are both positive
d
' ≤ d.

So
,
D= gcd ( a. b) _

☒£


