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Theorem: leta, bewith a,b>, 1
-

Suppose gcd(a,b)
= 1 and

ab =

c

where ,
noand <, n31.

Then there
exist die ex

with dies,where

a
=dand

b =e.

Proof:Suppose ycd(a,b) =1

and c
=ab.

a
=1 b =c
e -

If a =1, setd =1 and e
=C.

und 1.
Ifb =

1, Setd
=C E-
a =c b =1n

So we can assume as, I, b> 2.

Since gcd(a,b) = 1 we know the

prime factors of a and b one distinct.



Thus we may may write

a =pip....pr
and b =pt'?"...pasinb =13?114p"p,45

where P.JP2, ..., Pr, Press.... Pres

one distinctprimes and a ....arts

one positive integers, r2, 1, 5, 1.

Suppose that

c
=qbq?...q

is the prime factorization
ofC

where q,q2,...,fr me distinct

primes and b,,by, ..., by me positive
integers

Since ab =c" we getthat



pip."...ppaper... aab
=qrqb2...qubr=

By the fundamental theorem of

arithmetic the leftfactorization

and theright factorization
are

the same up toreordering
the primes.

Thus, rts =m, and
the primes 9;

are the same as the primes Pi

sexceptfor the
ordering possibly)

and thecorresponding exponents

me the same.

Thus we may
renumber/reurden

the q's so that

q,
=Pj for 1 =j = rts.



Then, aj=nb; for 12] =rts.

Then,

a
=pi...p=qq...qb

-

...qe
And

b =paper...parts -quiquequot
=> t...q

2
Set

brts

d =q4q!"...q?" and e
=q,qt. Arts

and we yeta =dr, b =e



⑭
⑭) Given a,bewith bFO

there exist x,y
Xwith yo

where I =G and Gcd(x,y)=1.

-q(d(S,2) =1
roof:
Setx-hat deal
By a previous theorem,



g(d(X,y) =ycd(yiz) =1
And

=
3
①(d) LetP be a prime.

irrational.
Prove that Iis- I

not a rationa

number

roof: Lets do a proof by
contradiction.



Suppose I is rational.

By problem (a) this implies

that where X, yEX,

y F0 and gcd(x,y) = 1.

By squaring we getp=u
or tx(*)
(*) tells us thatplx?
Since p is prime

and

p(x.x]We know thatp/X.

We used:↳Prime and plate -> pla or plb



Thus, x =PK where ReX.

Plug this back into () toget

py
=(pk)

2

So, y
=

pR.
Thus, ply?
Since p is prime

and plycy
we know ply.

Thus, pIX and ply.

So, y2d(x,yK,p>,2
this contradicts ycd(X,y)=1.
Therefore IPis irrational



#Integers modulo n

A: Letmewith n=2.

LetX, Y = 2.

We say that ngruent

-module if n

and write
divides X-y,

x
=

y (mod
n).

Ifa does notdivide X-y

then we write X Ey(moda).



-xin =5

x
=312, y

=107

x - y
=312 -107

=

205 =5.41

Thus, 51(312-107) and so
312 =107 (mod 5)

so
They are a multiple ofS

apartfrom each other.



=xin =6

X =+10 y
=21

x - y =
- 10 - 21

=

-31

and 6X(-31).

So,-10E21 (mod 6).

-
- 19

-
3) I nota

multiple
of 6



-in =3

:
...

....---

as
- 8 =- 5(mod3) 8 =2
- 2 =
-

8(mod3) 5 =- 4(mod3) - 6 =6(mod6)
1 =- S(mrd3) - 7 =5(mud3) - 6 =3(mrd6)

8 I - I4 =7(mod3) I ·


