
Math 4300

WHomework 7Solutions



⑧ A =(1,3),B =(- 1,1)

gre
can

show thatl=
EB =b

-

-#
-
-

Ishaded one half plane
orange
Ilabelled

and the other blue. blueeEthe line is
in green. orange

Hz, but

you
could

Note thatneither half-plane ise



⑭ Hi
1 l =L1,3

H2train
-

W

P and Qone on opposite sides of
l =41,3

QEHz

⑭
1

,
P and Qare on

the same side of R
=413

since P, QG H2



8A =(1,2),B
=(3,4)

In previous homeworks,
we saw that

1 =aB =stc5 where 25=4.47

W

IIIII
-

3 -
HF-l-1-tot

--

S

Ishaded one half plane
orange

and the other blue.

the line is
in green.

I labelled
blue HiNote thatneither halfareEandorangeHz, but

you
could

reverse

them



⑭ M

Hi
-

-

II -F isi?P
=(- 2,17 -

i ⑧
⑧

51+ - 1 +tor-1+rtl-1-1- 1-
ot--->

P and Qme on opposite side of
1.

because PCH, while QEHz

i
M

- HiI
i

A R

P
=(-3
,,--------. =(10,2)-

-

<11 - 1 +tor- trt-t-1- 1-
ot--->

-

the same
side of l

P and Qme on

because PCH, and QEH,



-]

⑮) Let1 =XY, where
XFY.

Letfil- R
be a ruler

on
l

Since XY
we

know f(x)
ff(Y).

So either
f(x)<f(Y) or

f(y)<f(x).

⑮1:Suppose
f(x) < f(Y).

Le+5
=[Der/f(x)

=f(x) =f
(y)3.

*Y =S.

We
mustshow

that
I

f f(y)

-↓
#S:

DeYy =[x,y3v(8/x
- x - y3

Let
f(x) =f(D)

and so
DES.

If D
=X, then

IfD
=Y, then

f(D)=f(t)
and So DES.

If X-D-Y,
then by a

theorem in

f(x)< f(x)<f(y)
class

we know

and so DES.



So in aliases,
DES.

Thus,

: LetDES.
Then, f(x)

= f(x) -f(y).

Iff(D)
=f(X), then

since
of is

musthave
thatD

=X

One-to-one we

and so DEXY.

If f(D)=f(y), then
since I

is

to-one we must
have
-

one
-

thatD
= Y and so DEXY.

Iff(x) < f(b)<f(y),
then
-

X-D-Y and so
DEXY.

Theseare
all the

cases thus
S&RY.

From above S =XY.



⑮2:Suppose f(Y)
< f(X).

Le+5
=[Der(f(y)= f(x) -

f(x)3.

The proof
thatS

=YY is similar

tothe proofofcase).

Try itif
you

wantmore
practice.

#



-)) Letl =x, where XFY.
Letf:l+1be

a ruler.

Since XY
we

know f(x)
ff(Y).

f(x)<f(y)or
f(y)<f(x).

So either

*I Suppose f(x)
< f(y).acuse

Define g:l-IR
by

L

g(c)
=f(c) - f(x).

since

Note that S
g(x)

=+ (x)
- f(x) =

+c

and g(x)
=f(x) - f(x)

> 0

=0

Thus, I is
a ruler

one with g(x)]sittd
and g(Y) >0.

By a theorem
in class,

we
have

xy =[xt P10 -g()3->



Since g(C)
=f(x) - f(x)

xy =[(B/0 =

f(x) - f(x))

=(((B)f(x) =f(x)]

2:Suppose f(Y)<f(x).

Define gil-IR by is a ruler

Cg(x)
=

- (f(x) - f(x) Janatai
Then, g(x)

= -(f(x) - f(x) =0

and g(Y) = -(f(x)
-f(x)) =f(x) - f(x)

0.

Then, as in case we will
have

*029(1)
=[(()0-

- (f(x) - f(x))3

=ExeB(0 = - f(x)
+f(x))

=[xB(f(x) =f(x)) ⑰



⑭
LetA, B be distinctpoints in SMT.

Then A,BES and A,BET.

Since S is convexwe
have FB=S.

Since T is convexwe
have EBIT.

Thus, ABCSIT.

So, SAT
is convex.

S

+
#



⑲) o is convexmeans:

CAP, QE 4)If PFG, then
4Q14)

There are no 4,Qt4 so this statement

⑰

Alis convexmeans:

(AP, Qe [A3) ( If PFA,
then a SA3)

Thereis only the case when P=A,Q=A

which makes "If PFQ,
then FQ=SAY"
e

False

Recall "If F,
then -

"

a true statement I is always true
I

Thus, SAY is convex

,



⑱
LetP, Q-28.

Then, F0
=54,03U [ceP/P-c-

83

By def
FR =1.

So, Iis convex



(d) Let A, BEB where AFB. Let l=FB.

Tiwher****he-

This ->

Since P, GEAB we have
l=FB

=PQ.

Letfill
be a ruler.

Since AFBwe
have

either f(A)<f(B)
or f(B) < f(A).

Since AB=
5A, we may

assume
that

f(Al<f(B).
Otherwise,

justinterchange

Aand
B and

relabel them.

Suppose
f(A)<f(B).

Since 4,atAsanowest] (*)
homework
and f(A)

f(x) = f(B).

Now break
this into 2

cases.



Ioffale
e

=( -8/f(A) =
f(x) =
f(B)3 =FB

"scala
IPff(pe

e

=( -8/f(A) =
f(x) =
f(B)3 =FB

:fa
In both cases,

FQIFB. Thus, AB

is convex.



#LetA, B be distinct points.
- B

we wanttoshow
that

.

.
int (AB)

=AB-EA, BY A

is convex,
15

Letl
=AB.

Letfil+1
be a

ruler.

We can have
f(A)<f(B) or f(B)

<f(A).

Since int(AB)
=AB-SA,B3 =

BA-9A, BY
=int(BA)

f(A) < f(B)
wemay

assume that

Otherwiseinchaust,and
relabel Aad

et

Thus,

From problem
3 we have

FB =[(GB) f(A)
-

f(x) =f(B)3

Since int(FB)=
AB-[A, BY we get

int(FB) =[ce8/f(A)
< f(x) < f(B)3.



LetP, QE int(EB).
l 1 IR

B-- of (B)
We mustshow

↑thatPG
=int(FB).E

thatint (AR)
I IThis will show A->of (A)

is convex.

Since P, QE int(AB) we
know

that

f(A) < f(P)<
f(B) and

f(A)<f(a)<f(B)

If f(P) < f(a),
then

problem⑧3
PQ
S

\x-z)f(0)
=f(x) =f(G)3

-=

Esti
-

int (AB).

So, FO
=int (FB).



Iff(Q) < f(P), then

problem⑧3
S

Pa
=[x-z)f(a)

=f(x) f(x)3
-

Elti
-

int (AB).

So, Fa
int (ABS.

In either case
IQ int(ABI.

So, int(AB)
is convex.

⑪,



5

8LetP, Qt AB.
Then PE =EB.

Thus, Pa
=I =B.

So, B is convex



⑤(g) LetA, B be distinct points.
-

Letfillbe
a ruler on

l=AB

where f(A)
=0 and f(B) < 0.

Then

Ei =[c=1)0 =fxx3)
tinctpoints.

LetP,Q-FB
be dis

We must
show

that
FOAB.

->

Since
P,QEAB we

know
that

0 = f(P)
and 0 =

f(A).

ge1:Suppose
f(Q) < f(P) ordem

we
hadt
Fa =[ce/f(83
(((8/0 =f(x) =FB



So we getFQ=EB.

2:Suppose
f(P) <f(Q). dem

Then,-
Fa =[(t-B) f(P) -f(x)

=f(a)3
-

0
=f(0)

->

=[CEB102f(c)3 =AB

So we get
FQ=FB.

In either case we get
thatFaB.

So, ABis convex.

#



⑭LetA, Bbe distinctpoints.
We want
toshow

that int(FB)

int(AB) =AB-SA3 ·
is convex,

Lete
=aB.

A

fil+ I
be a

Let

ruler where
f(A)=0

and f(BK0.

Then, from
class we

have
that

FB =[(e (10
= f(c))

and f
is
one-to-one

siteorlocfse
LetP, QE

int (EBl.

Goal:We mustshow
thatFQ=

int(ER)

toshow thatint
(EB) is
convex



then, from above we
have that

0<f(P) and 0 < f(A).

:Suppose 0<f(P) <f(A).⑤problem
Men, wewa
Fa =[(EP) + (0)

=f(x) =
f(a))

=[ceB)0 =f(x)) =int(A)

↑
Since 0 <f(P)↳

So, a
=int (EB).

i Suppose
0 <f(a)

f(0).

case

have
that

Then, we



dem3
-

Fa =[(eB(f(x) =f(x)
=f(0))

(5x -/0 =f(x) =int(xi)
↑

.ef(a)

So, a
int (EB).

In both cases
FQ= int(FBI.

So, int(AB)
is convex.

#



⑯Xa
Let I be a line and PE,

QGl.
e.

LetH., Habe the
half-planes

determined by

⑭)supposeand
Qlie on opposite

IfPCH, and
QEHz, the by PSA (ivl

we have
FON*P

then by
PSA (iv)

IfPEH,
and QE His

we
have

FQ1&F4.

⑱)Suppose FQRFP.

Why must
P and

&lie
on opposite

side of
l?

suppose
they didn't,

is they wayonlyge

Withoutless
ofgenerality,

assume P,QEH..

H, is convex
so PQ=H,

But MH, =P which is

So, ifa
=H, then

Fan =6
a
contradiction.

Thus, P and Qlie on opposite sides of 1.

#



⑱
Let I be a line and PAC, QGl.

LetH., Habe the
half-planes

determined by1.

#)Suppose P and Qlie on
the same

side of
R.

Without
loss of

generality, suppose
P,QEH,

Since I,
is convex
we

have
FQ&H,

Since H,1l
=4 and PA

=H,

Fan =4.
we know

#Suppose Fan
=4.

We want
toshow

that4, 8, in itse

suppose
they

lie un opposite side
a l

then by

Suppose
PEH, and

QEIn,

PSA (ivl
we

would have
sandd

it
isn'tthe case.

same thing
ifPetty and QEH,

l.

Thus, P, Q lie on
the same

side of

#



&LetHis He be the half-planes

determined by 1.

suppose
P and &are

on opposite
sides of1,

and Q and R me
on oppositesides

ofe.

Since P and
&lie on

opposite sides
of e

then either (i)
PEH,

and QEHz

or () PEHz
and QEH,.

1:Suppose
PEH, and

QEHz.

case

QGHz
and Q and

R lie an

-

roposite
side of

1 we
must
have

REHp
Since

Thus,
PEH,

and REH,
the

came
sideof

1.

So, P and
R lie 01

2:Suppose
PEH, and

QEH, .

case
-

QCH,
and Q and

R lie an

roposite
side of

1 we
must
have

REHe
Since

the
came

sideof
1.

Thus,
PEHz

and REHz-

So, P and
R lie on

#



⑧LetHis He be the half-planes

determined by 1.

suppose
P and &are

on opposite
sides of1,

the same
side of 1.

and Q and R me
on

Since P and
&lie on

opposite sides
of e

then either (i)
PEH,

and QEHz

or () PEHz
and QEH,.

1:Suppose
PEH, and

QEHz.
the

case
-

QGHz
and Q and

R lie an

Since
side of

1 we
must
have

REHe

same

Thus,
PCH,

and REHz

So, P and
R lie on

oppositeside
of l

2:Suppose
PEH, and

QEH, .

um
the

case
-

QCH,
and Q and

R lie

Since of
& we

must
have

REH,

same
side

sides of
1.

Thus,
PEHz

and REHi.

So, P and
R lie on Opposite

#


