
Math 4300

WHomework #5Solutions



A =(- 1,2),B =(3,8) in
the

Euclidean plane⑪me·B
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⑳er?ane"
Whatis the

line thatA, B lie
on?

Plus A and B into (x-c
+ y

=r2 toget

str
*

.
① -gives

4c-20
=0. So, c =5.

Men, from
Q we get r

==4.47

Thus, A
=(1,2), B =(3,4)

lie on chr stars.
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⑧P =(- 2, - 1),a =f2,3)

A =(0,0),B
=(2,1)

We havethat Q ⑧-

PQ =d(4, Q1 IQ I I &

its att= 16

-o =255=4.47

We wantto
find CEFB

where AC=d(A, c)
=o

LetC
=(x, y).

sincewebrow fromclassto the
t

So,

(x,y) =c
=(0,0 +A(2

- 0,1 - 0)
=(2t,A)

that is,=A



dCA,c) =Fo
we know

Also since

N(y-r2 = Ei

-
d(A,c)

This gives#=20

Plug x =2A, y
=Aintox+y

=
20

toget4A+t* =20.

So, t
=
==4. Thus,

t =12.

Since 130
must

be

true from
above C

We getA
=2

I I
#fThus, c

=(2t,t) ⑳

=(4, 21.
↑

ThenCE FB and

AC =d(A,x) =(
=d(P,a) =PG



8p =(1,2),a =(1,4)

A =(0,21, B =(1,5) - ->

Letus firstdetermine
the lines PG and AB

pa=,L since 9, both
have x-coordinate

1.

For EBwe plug them
into (x-c'ty=toget

↳
①

ina
c
=0.

①-2 gives
2c =0

or

Then a gives
r
=0+4 =2.

a
=(1,4)

So, B =ch
=oz: I

73 L
.picture:j



-We now needt
Pa=dp,a) =((n(-))

=((n()(=
- (n(t) =0.69

-0.69

We wanttofind (EFBwhere AC=-InCE).

LetC =(x,y).

Since CEABwe know=
2 and⑭

test fight
Since AC=-InCE) we

get

- (n(t) =Ac
=d,((0,2,(x,y))
-(Indel
=(In(x()
=(In(z))



So we need In(z) =I(-(n(t)) ==(n(t)

Mat is, In (z)
=(n() or (n(+2)

=

- (n() =(n(2)

↑

So we geteither In(M-'
c=ur =2

So either

2y
=x +20r y

=2x +4

·ory =x +y

plug this
intoxy=2 togeteither

=or Sx +16x
+14 =0

*
Sx+4x - 4 =0 ①-Or 5x
2
+16x +1y =0



① gives x =1-T)=-62(S)

=
=0.5798 negative

Since we need x >,0 this

case gives x
=+*

and y
=

=x +1
=-5 +4 +1 = +* =1.2899.

② gives x =191(14):-DIY
2(5) 10

Butthis is a complexnumber.

Mr,c =(
-5 +, +E)

=(0.5798,1,2899)

I

c P-
c=0



88 Let (P,2,d) be a metric

geometry. Let
A and B

be distinctpoints
from 5.

W
#B =[(e 8/A - c

-Bac
=A0c

=B3

=[CE8(B -c
-Aorc

=B0c
=A3

/
=BA

↳
⑯
FB =ABUS (-8/A-B -c 3

=FB

So, IB =FB.



Recall from HWY thatifCEABthen

either C=A,C= B, C-A-B, A-C-B,
or A-B-C.

Thus,

AB =ABU[(e8/A - B - c}

-E/A-c - BS'
UECE8/A

- B -C

=SA, BY USCE8/C-A-Bor
A-c-BrA-B-c]

-B

Rus, FB
=FB.



⑰ FB =ABU [ce8/A-B-c}

and BA =BAU [CE8/c-B
- AY

=
FBU[(E4/(

- B - A3

S

oart (al
->

ii.
B

Now let's show
ABBAFB

->

LetCE
FBMBA
A.

ThenC-FBand C
(A)

Since- (*)

Since true.

So (A) and (**)
one
both

In (A) we getthatCEAB
or A-B-C.

If CEAB then we are
done.



Suppose A-B-C.

From (**) we get
either CEAB or B-A-c.

If CEAB then
we
are done.

B-A-C.
Suppose

thenwe
world have

A-B-C and B-A-C.

Butfrom
HW4 we

know A-B-C

and B-A-C
cannot
both happen

Thusthis case
cannotoccur.

:B
from the above we get

Theatre
thatAB

=ABMBA.

#



&Suppose thatA-B-C and P-Q-R
-

and ABIFQ and BC = AR

Goal:We mustshow
thatIC*

PR.

Since A-B-C
and P-Q-R

we
know

d(A,B) +d(B,)
=d(A,) ((*)

d(P,G) +d(a,R)
=d(P,R).

Since ABFFG
and BT =GR.

that
we know

d(A,B)
=d(p,a) I (**)

and d(B,C)
=d(Q, R).

Thus,

d(A,c*d(A,B) +d(B,c)
**d(P,0) +d(A,R)

*d(P,R).
-

So, ECE PR #



⑧Suppose thatA-B-C and P-Q-R
-

and ABIFA and ACF PR.

Goal:We mustshow
thatBCIQR.

Since A-B-C
and P-Q-R

we
know

d(A,B) +d(B,)
=d(A,) I (A)

d(P,G) +d(a,R)
=d(P,R).

Since ABFFG
and FC =FR

that
we know

d(A,B)
=d(p,a) I (**)

and dSA,C)
=d(P, R).

Thus,

a(B,c(*d(A,c) - d(A,B)
**d(P,R) - d(P,0)

*d(a,R).

So, BC = R. #



#LetA, B, C E8with AFB.
LetCEABand CFA.

We mustshow thatAB =Ec.
-

Letl =AB.
un 1 where

Let f be a ruler

f(A)
=0 and f(B) > 0.

l

then from class we
⑧

have that

riscussy
Since CEA we

know 0 =f(c)

Since CFA and f(A)
=8 and f

is one-to-one we
know f(C)FO.

So in fact0
<f(C).



Mvs, f(A)
=0 and f(c) >0.

Since l=EB =EC again from

the theorem in class we get

Ec =(z =B)0 =f(E)3.

Mus, FB =[EEB(02f(E)3 =Ec.

#



#b) Suppose AB =IB.

We mustshow
thatA =C.

Suppose
thatAFC.

Then, from
part(a), since

(EFB and CFA

we getFC =FB.

so, EC =FB =
c.

Thus, A, B, C, D
all lie on l = C.

Letfit
- Ibe a

ruler centered

atA where f(A)
=0 and f(c) < 0.

From class this ruler
satisfies

1 =F =[XeFi/f(xk,0}

So, f(A) < f(c).

We want
to show that f(c)<f(D).

Suppose instead thatf(A) < f(D) < f (C).

&



given by g(X)=-( f(x)
- f(x)

From Topic 2 lectures we know that

Letgil+IRbe

ofthat is a
ruler on l

Note thatg(C)
= -(f(x) - f(c))

=0

and g(D) = - ((D)
- f(c))

= f(x) - f(x) >0
↑

Since I is a ruler on l sumption

where 9(c)= 0 and g(D)>0, Are

from class we know IR

thatB =5x1g(XK, 03.

Since I is onto R there existsFijiiFEB where f(C)<f(E)

(For example pick
- where]f(E) =f(x) +1



then we have

f(A)< f(b)<f(c)< f(E).

Since f(EK f(c)> f(A) =0 we know

thatFEAC.

However, g(E) = - (f(z)
- f(x)

=f(x) - f(E) <0

Thus, EECD. A19(XK,0}

Therefore, IEC and ECB.

ButEc ='.

So no such a exists.

Therefore, f(<)<f(D),
Contradiction.

-So, f(A)<f(c) <f(x). ↑ I
&

A



Let hil-IRbe given by

h(x) =f(x) - f(c)&
By topic 2, h is a ruler on l

Man, h(4
=f(c)-f(x) = e

and h(D) =f(D) - f(x) >0

So,

c =(x =B/h(x) =0] f)S
But, h(A)

=f(A) - f(c) <0

So, ACP.
However At ABand EB =

ci.

Contradiction.

Thus, the original
assumption thatAFC

can'thappen

And A =c.



(a)
LetS =[CERY C =AtA(B-A) where 0 A115.

We mustshow that
AB = S.

#S:
LetCEAB.

Then either
C= Aor

C = B or A-c-B.

If C
=A, then

sett
=0 and we

getC
=A

=A +0(B-Al.

So, ifC
=A, then CES.

IfC
=B, then

sett
= 1 and

we

getC
=B =A +1: (B

- A)

So ifC
=B, then

CES.

Suppose
A-C-B.

By HW4
there exists

Awith
0cAsI

where C =A
+A (B- AS.

Then in this case
also we

have

thatCES.



So, BCS.

#: Suppose CES.

Men, C
=At A (B-A)

where 02A11.

Ift
=0, then

C =
Ato(B-A)

=At FB

If A
=1, then

C =A+ 1.
(B-A)

=BeFB.

Suppose that
0CA<1.

Then by HWY,
we

have
A-c-B.

So in this
lastcase

CEFB.

Thus, SAB.

Since
ABIS and

SAB we

have that
FB=S.

*



b) Let
S =[Le B)c

=A +A(B-A) where 0A3.

We mustshow
thatFB=S.

FBIS and
S-FB.

We prove

: Let
CEAB.

-->

Then,
IE AB.

So, from
class

we know
that J(A)

A+A/B-A)
where

AEK.

C =

We must
show

thatAP,0.

toa
contradiction.

supose.Inthe,

1: Suppose
IB =ha for some

de.

Let A =(d,ya), B
=(d,yx),C

=(d,yc)

Su, (A) gives
(x,y) =(d,ya

+t(yx - ya))



Let f:Ld-IR
be the standard

ruler, thatis
f(d, y) =y.

Thenapplying of tothe above gives

yc
=Ya

+t(y) - 3a).

f gives us two options:

Either
f(A)< f(B)

or f(B) < f(A).

thatis either

ya < Yb

Ur By < Ya.

-

(i):Suppose Ya<Yb

Men, Y,Ya
=A(ys-ya) <0

To to

So, Y, Yau



then Yc<Ya< Yb

So, f(cIf(A)
< f(B).

Then, C-A-B.

ButCEFB, so either C =A, C
=B, ir A-C-B
or
A-B-C.

this conflicts with C-A-B. by
HWY.

Thus, we get a contradiction
in case (il.

⑳11):Suppose yy < Ya.

Then, y,-y =
0.

So Yc Yau

Then, Yy<Ya<Yc.

So, f(B) <f(A)
< f(c).

Thus, B-A-C.



Thus, C-A-B.

ButCEFB, so either C =A, C
=B, ir A-C-B
or
A-B-C.

This conflicts with C-A-B by HWY.

Thus, we get a contradiction
in case ().

Therefore, in summary
we geta

contradiction in both parts ofcasel.

2:Suppose
I =Lm,d'

Ifyou do the same arguments

as case I, butuse
the standard

then you
ruler for Lm,d

will geta
contradiction

also.



Thus, case I and case I both give

contradictions.

therefore, A7,8 mustbe true.

Thus, CES.

So, FB =S.

B: LetCES.
where t ,0.

(
=

H
+t!

-

+CEEi
-)

Let l
=AB

the case

I'll show
this for

some
de R.

Fe,isproofbyinthe
thatl

=Ld for some de1R.
Suppose



LetA
=(d, ya), B

=(d,yy),( =(d,yc)-

(A)

inanener
where
f(d, y)

=y.

case (i): Suppose
Ya<Yb,

thatis
f(A)cf(B)

-

Letg:l-IR
be

given by g(x)
=
f(x)-f(A).

By topic 3, 9
is a

ruler on
l

g(A)
=f(x) - f(x)

=0

Also,
and 9(R)

=f (B) - f(AK
0.

Since 9(A)=
0

and g(BK6
we

know

Ei =[x =

l)g(x),03.
·notes



g(x) f(x) f(A)

- -
-

Note thatg(d,y)
=f(d,y) - f(d,yu)

=y - Ya

Thus applying g
to (A) gives

3- Ya
=[a +A(yx- ya)) - ya.

y(B)
~nq(C)

=t(yb-ya).-

So, Yc- Ya

So,g(c)
=

Ei>0.
70

Thus, e.
eelsIxk,}

So case (i)
is done.

/i) Suppose ya<Ye,
thatis

f(BIcf(A)

Letg:l-IR
be

given by g(x)=-(f(x)
- f(A)).

=f(A) - f(x)

By topic 3, g is a ruler on le



Also, g(A)=f(N-f(A)
=0

and 9(B)
=f(A) - f (B) >

0

Since g(A) =0 and g(B) > 0 we know

Fi =[x =l 1g(x),03.

"notes
f(A)

g(x) -

Note that (d,y)
= f(d,b) -l
=y - y

a

Thus applying g
to (A) gives

So,q(C)
=

IYa=Yc =Ya-ItistheTherefore, Ya
- yc =

7

Thus,
ce



Therefore, case (i) is done.

In both cases we get
C-FB.

Thus, SIAB.
-

themboe, S
=Fi -
1



⑭LetA =(x,y,) and B =(x2,32)

with X,<Xz.

Suppose A and B both lie on chro

Suppose thatC
= (x, y) lies or chr

and thatx,<x<X2·

We mustshow thatCEAB.

Since CFA and CFBthis
comes

down toshowing
thatA-c-B

We know A, B, C one distinctpoints

all lying on chro

Letfich- I be the standard

ruler given by f(a,b)
=(n(**).

Recall thatfitch
is given by

f(t) =(+
rtanhlt), rch(All



Let f(Al= t,, f(B) =Az,f(x) =t.

Then
Here

x, =c +rtank(t1)
A =(xyy,)

xz
=

c +rtanh(tz) I B =(x 2,32)
x =c +rtanh(t) c =(x,y)

We are given that x,x
< Xz.

Since tank(s) is an increasing
function

this implies thatctrtunh(s)
is

an increasing function,

So, X, x<X2 implies
A, <t < tz.

Thus, f(A)
< f(C) < f(B)

Therefore A-C-B.
#


