
Math 4300[Homework #4Solutions



8)A =(- 1, -2,B =(2,1,c =(0, - 1)

Cal they don'tlie on a
vertical line.

Whatabouta line Lmb?
Plug them intoy =mx+b toget:

- 2 =
- m+b& * A plugged in

1 = ② I B plugged inm+ b

③ C plugged in

E
b = -1 gives then

m=1 in both I and G.

Let's verify thatall
three points satisfy

the equation y = x-1.

we have:
- 2 =

- 1 -1X
!Ei

These three points all
lie on Lm,b=L,,-1

So they are
collinear.



I*·A
udt
(b) In the picture on the previous page

we can guess that
A-C-B is true.

Let's check:

(i) we have
three distinct

prints

(i) A, B,
C due

collinear

(in)d(A,() +dc,
B)
-+(- 1- 11"

=+(- 2+ 1)2

A =(- 1,
-2)

) =1 +5 =r(1 +2) =32

c =(0,
- 1)



And, dA,B)= (-2-1)"
=19
=48 =

352

So,d(A,C)
+d),B) =dA,B).

By conditions (i), (i),
(i) we

have

that A-C-B is true.

By a lateproblem
of this HW we cannot

have also A-B-C or B-A-C. Thus,

only A-C-B is true.

&Method 2
v

itis aboveistheRamdanch ruler!

The standard ruler on L,-1

The standard ruler is f: L,,-1
-> I

where f(x,y)
=xR =EX



Apply of to A, B, C toget

f(A) =f)-1,-2)
=

- 5

f(B) =f(2,1)
=22

f(x)
=f(0, - 1)

=0=0

-
IR

- -2Vz

It< -- I
Since f(A) < f(c)<f(B) we

have

A-c- B by a theorem from class.

(c) Since A-C-B, then by
a

theorem in class we
also

have B - C - A.



&A =(1,2),B =(3,4),c =(4,4a)

Cal They aren'tin a vertical line.

Let's see ifthey me on some chr

Plug A, B into (x - c)
+y2 =r" toget:

we only need tofirstfind FBand then
check if

C lies on it alsol

①edin
( - x +2

=r4=rein

①a
D-2 gives 42-20

=0.50, c =
5.

Plusing c = 5 into agives r=to

Now let's see ifall three points

satisfy (x-5)+y =20



(1 - 5+2=20
~

is(3 - 5+4
=20

~
c
=(y,x4)

14-519 =

20

So, A, B, C all lie on stro

Note20
=4.47 and 49 =4.36

1
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S
L
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(b) From the pictureitlooks
like

A-B-C. Let's verify.

(i) We have three
distinctpoints

(ii) A,B,C one collinear



(i) d(A,B) +d(B,c)It

A=(1,2)en -InSe,illingrallA-Hillall
~ - 0.60 0

-- In),)-in)isacaibe I
Value is negative

-zol/a
-Int Im I (-2+520)/4 I

( - 4+50)/2Inreg-~ 0.963 >0
e

-1+Fuh=(In)troll
G-s +Eol/19

=(In (201/211

property of

distance fractions-
dH(C, A)E
=> di (A,C



Thus, from (i), (ii), (ii) we see that

A-B-C. From a
new problem

is this topic we can'talso have

A-C - B or B-A-C.

&od 2- Thereis another way to
check

condition (ii). Use the
standard ruler!

the standard ruler or shizo is given by

f:stro-IRwhere f(x,y)
=(n (*540)

We have

f(A) =f(1,2)
=(n) (40) =- 1.44

f(B) =f (3,4)
=(n(4) = - 0.48

f(x) =f(y,ya) =(n)54%) = -0.227

Since f(c) < f(B) < f(A)

We know C-B- Aor equivalently
from a theorem from class



we have A- B-C.

f R

i-0.nsBC -2 - 0.227
-I I-sintt &2 - 1,44

-



⑧(a) All three points A = (1,2), B =31,41,

and C = (1,5) lie on and

so they are collinear.

Iih
·C*

I-Fast---
(b) Let's check ifA-B-C,

A-c-B,

or
B-A-C.

You can use
the def way

of

doing this
like in the previous

problems butthis
time let's

use the easier
standard

ruler method (method 2 in the

previous problems)



(i) A, B, C one distinctpoints v

(ii) A,B,C one collinear
v

(ii) the standard
ruler on h

is given by f((,y)
=(n(y)

We have

f(A)
=f(1,2)

=(n(2) =0.693

f(B) =f(1,4)
=(n(4) =1,386

f(x)
=f(),5) =(n(S)

=1,609

Since f(A) < f(B)
< f(c)

we know A-B-C.

R
M

* ⑧

- (n15)
⑧ B

Iih f

I-> - (n(4)

--

En ann

- O



&LetA, B be points with AFB
in a metric geometry.

LetC C FB.

Letf: EB-> Rbe a ruler to.
EB.

Since AFBand
f is a bijection

we know that f(AIFf
(B).

Then there are several
cases toconsider

(i) f(A)
<f(B)<f(c)

(i) f(A)<f(c)<
f(B)

(i) f(A)
=f(c)

(iv) f(B)
< f(A)

< f(c)

(v) f(B)<f(c)
< f(A)

(i) f(B)
=f(c)

(vii) f(c)<f(A)<f(z)
(viii) f(c)<f(B)

< f(A)



If (i) is true then A-B-C.

If(i) is true thin
A-C-Bt

If(iii) is true then A =C.

which implies that
C-A-B. *
unIf (iv) is true

then B-A-C

[If(v) is true
then B-c-

A is
which implies thatA-C-B. Them

If (vi) is true
then B =2+ z -Y

-x

If (vii) is true then
C-A-B.

-
If(viii) is true then C-B-A,

which implies thatA-B-C.

Thus summarizing either:

C- A-B, or C =A, or
A - C

- B,

or C =B, or A-B-C.

And no two of
these can

be true

atthe same time (by
the above

cases

asument ( ⑰



⑮ LetI be a line and A,B,

be distinctpoints on in a

metric geometry.

So, AFB,
AFC, and

BFC.
--

We know
l=AB since

there is
a

unique
line through any

two

distinctpoints.
HW problem

the previousBy
know that

there are
only

We and (FB)
three possible

outcomes
(since CFA

Theseare
thateither

A-B-C.

C-A-B, or
A - C

- B, or

Since C-A-B
implies

B-A-C,

this gives
that the

only
three

possibilities
are

B-A-C, ur

A-c- B,
8
A-B-C. #



⑧Suppose thatA-B-C and B-C-D

in some metric geometry.

Since A-B-C we know A, B, C

one distinct
and collinea
-

and all lie
on BC.

Since B-C-1 we know
that

B, C, D me all distinctand-

collinear and all lie on BC.

Letf: 5C- Rbe
a ruler.

Since A-B-C we know
either

(i) f(A) <f(B)
< f(c)

vr (i) f(c) < f(B) < f(A).

Since B-C-D we know either

(i) f(B) < f(x)
< f(x)

or (iv) f(D) < f(c) < f(B).



:
Suppose (i) f(A) <f(B)

< f(c) is true.

Then, we can'thave
(iv) since then

f(c)f(B).

So we must
have (iii), thatis f(B)

<f(c)<f(4).

Thus, f(A)
< f(B) < f(c) <

f(D).

So, A-B-D
and A-C-D.

=2:
true.

Suppose (ii) f(C) <f(B)
< f(A) is

f(B)<f(c)

Then, we can'thave
(iii) since them

So we musthave live,
thatis f(x)

<f(c)<f(B).

Rvs, f(x)
<f(c)< f(B)

< f(A).

Hence, D-B-A
and D-C-A.

So, A-B-D
and A-C-D.

#



⑦Suppose A-C-D and A-C-B is some

metric geometry.

Men, A,B,C,DE
EC.

Letl
=ECand f: l-

I be a
ruler.

Since A-C-D we get either

(i) f(A)<
f(c)< f(x)

↓(a) f(D)<f(c)<f(A)

mil:Suppose
f(Al f(c)
f (D).

Since A-C-B
we

have either

f(A)<f() - f(B)
(A)

or
f(B) < f()<f(A)(**)

But AAI
can'thappen since

we
are

assuming
thatf(AIf(C).

Thus we must
have (*).

combining the case
(i) conditions with

(A)



we yeteither

f(A)< f(x) < f(x)
- f(B)

or f(A)< f(x)
< f(z) < f(D).

In the firstinequality we get
A-D-B.

In the second we getA-B-D.

So either
A-D-B or A-B-D.

(i):Suppose
f(D)<f(c)< f (A).

Since A-C-B
we

have either

f(A)<f() - f(B)
(A**)

or
f(B) < f()<f(A)(****)

we see that
(***) can'thappen

because

we
are

assuming thatf(c)
<f(A).

Thuswe
musthave

(****)

Combining case (i) with
(****) we get



that either

f(b)< f(B) < f(c)<f(A)

or f(B) < f(x) < f()
< f(A).

Thus either
D-B-A or B-D-A.

A - D
- B.

so either A- B-D
or

*



⑧Suppose A-D-C and A-C-B.

Then A, B, C, D all
lie on l

=C.

Letfil- IRbe
a
ruler.

Since A-D-C
we

have either

(i) f(A1<f(u)<f(c)

or (ii) f(c)<f(x)
< f(A)

I suppose f(A) f(D)
<fCC).

Since A-C-B
we have

either

f(A)-f(c)< f(B)(*)

rf(B)<f(x)<f(A)(AA)
We can'thave

(**) since we
are

assuming

in this case
thatf(AIf(c).

Thus we
have (A).



We getthatcase (i) and (A) give

thatf(AI <f(D) < f(C)
< f(B).

⑰- D - B.

: Suppose f(c)
f(D) <f(A).

Since A-C-B
we have

either

f(A)-f(c)< f(B)(*
**)

vf(B)<f(x)<f(A)(**
**)

We can'thave
(***) Since we

are
assuming

in this case
thatf(cIf(A).

Thus we
have (****).

We getthatcase (ii) and
****1 give

thatf(B1 <f(C) < f(D)
< f(A).

Thus, B-D-A.

#D - B.

In either case we getA-D-B.



⑧Suppose thatA-A-B, A-P-B,
and P-C-A. Let l

=B.

Since A-A-B and A-P-B
we know

all ofA,B, P, Elie on l.

Letfil->IRbe a ruler for l.

Since A-A-B we gettwo cases:

either f(A)<f(A) < f(B) v
f(B)<f(A) <f(A).

I'll prove this problem
for when

fo?YouHe,
thee

Since onthisis:
Since P-C- Q

we have
either

f(p) f(x)
< f(a) or (e)

f(p).

-
(i)

If(i), then

f(A)(f(P),,f((,f(a),(B)
So, A-C-B.



If (w), then

f(A) < f(a),,f(,f(0), f(B)
(*)

So, A-C - B.

2:suppose(e)f(A) (2)
Since P-C- Q

we have
either

f(p) f(x)
< f(a) or (e)

f(p).

-
(i)

If (i), then

f(B)< f(0) < f(c)<f(a)<
f(B)

(2) (i) (i) (*)

This is a contradiction, so this
case

can'thappen.

If (i), then

f(A)<f(a)(f(B)(,f()(,f(A)
(A)

This is a contradiction,
so this case

can'thappen.

--



⑭ GetA, B,CER" be distinctpoints.

8)Suppose A-B-C.
Then, A,B, C all

lie on 1
=AB ==B2.

1 =4 and EC
=LAC We ↳...

Since BE Al

know that(C-A) where
tER.

Shurthathenweareoren

LetA
=(xa,ya), B

=(xx,33)

and C
=(Xc, Yc).

e



We now break the proof intotwo
cases:

ifI is a vertical line and if

e is a non-vertical line.

⑰Suepose l =La is a
vertical line.

Case

Letfil-
Ibe the standard

ruler given by f(x,3)=
y.

Apply the ruler - to (*) above to get

Yb
=

Ya +Ayc
- Aya.

So,

Stes-gal
(**



Since A-B-C we know that
either

(i) f(A)< f(B)<
f(c)

or (ii) f(c) < f(B) < f(A)

1

Eyessayconceor (ii) Yc< Yb < Ya

Thus either

I
west: Supewehavea
Then, 0<Y5-Ya and 0 <Yc-Ya.

T (**) we have 35 Ya
=t (yc - ya)

- n en
-

>0 30

So we musthave As
0.

Why can'tAsI?



Suppose AC 1.

Thenfrom (Al we get

yb - Ya =A(yc
-ya),yc

- Ya

Butthen yb] yc.

This contradicts yy<yc
from dis.

Therefore 0 <As)
and we are done,

with

this case
-

-(ii):Suppose (i), thatis,
Yc<y<Ya.

Then, O >Ya-y,
and OCYa-35.

So, Y,-YaCO and 35-40 <0.

thus we have from (A) (5)
=A(y, - ja)

no m

<O

So, A > 0.

Why can'twe have thl?

Suppose
API.



TenE=1 and =(354ty
Thus, I (Ya-3b) =Ya-yc.

Then, Ya-Y =I(ya- 3b) = Ya-Yb.
n

=I

So, - yc = - yb

ThenYa yy.

Butthis contradicts yc<ys
from sil

Therefore, As
I can'tbe

true

and thus
0<<1.

Mortertheproofoftical inthe
:
Letf:l-RR

be the stand and ruler.
M

Then, f(x,y)
=x -m =xM ten

where M =Fm ↓
Recall that(A) says

that

(xb,Yb)
=(XatAXc-AXa,battyc-tya)



Applying of to the above equ gives:

Myb =M(Xa + Axc
- AXc)

Cancelling M
and subtracting Xa

gives

at(X)- xn)(**A) Alture

Since A-B-C We

know that
eitherinemaciain

ur(i) f(c)<f(B) < f(A)

Thatis, either

(i) MxaMx
> Mxc

or ()
MxcMx

> Mxa

Since M70
this becomes

either

(i) Xa < Xx
< Xc

or (ii) Xc<Xx
< Xa



(i):Supposewe have (i).

then 4x-xa>0
and Xc-Xah0.

from (***) Xx - x a
=AThus, n

>

we must
have A >0.

We can'thave
I because

ifwe

did then we would get

xy
- xa

=t(x, - xa)>,xc
- xa

which would give
xyX,

which

isn'ttrue by (is.

Thus, 0xA<1.
So we are

done with
this case.

Case (l:Suppose
we
have case

bel

-

Then, Xa-Xc0
and Xa-xy>0.

and X-Xa
< 0.

So, Xc -X.
O

Thus, from
(***)

X- Xa
=A-

-O



we must
have A >0.

Let's show t <1.

Suppose A
1.

Men, III and Exs-xcita
So, E(Xa-xx) =xa- Xc.

Then, Xa-xc
=E(Xa- xx) =Xa

- Xb

-

-

So, -Xc? - Xb.

And then XcY
Xb.

This contradicts
XcXb from

case (ii)

Thus, As
and so 0<<

and

we are
done with

this case.

This concludes the proof ofcase I..

Thus we have proven (*))
since

there one only two cases.



8LetA, B, C be distinctpoints where

B =A +A(c - A) with 0 <ACI

-

This implies
thatBELAc*

AC.

Hewantedi
(A)

-
We now break the proof intotwo cases:

when I is vertical
and when

& is non-vertical.



1: Suppose I
=Ld is a vertical line

Recall thatthe standard ruler on 1 is

f:l+Rgiven by f(x,y)
=

y.

Apply to (1) above we get

Y =Ya
+tyc - Aya .

(DD)

soxA(yc-ya) where ocA2.

Since AFB and both points lie on the

vertical line & we know YsFYa-

Thus, either 35-Ya
70 or Yb-3c70.

) Suppose yb-ya
CO

then from ($$) since we
have

(Yb -Ya)
=A(x - ya)

en W

O 70

we musthave ya-YaCO-



Thus, since yb-Ya 70
and Yc-ya<0

we have yy<Ya and YadYa.

We wanttoshow thaty.
< Yb

Suppose instead thatyo = Yc.

Since OCACI we
know I

So, then E(Yn-Ya) =Yc - Ya
from above

and we yet(ya-3b) =Yay..
(**)

thens -
Ya- 3c

=E(ya - yb)) 3a -yb]Ya - Y
*

yb =Yc-y
is a

contradiction.

Butthen Ya-Yc? Ya-yc,
which

Thus we musthave y,<yb.

Summarizing the
above we get y,<Ys<Ya.

Thus, f(c)<f(B)
< f(A) and

so C- B-A.

Since C-B-A we have A-B-C.



(i):Suppose y-Ya>0.
Then from ($$) since we

have

(x -ya)
=A(xc - ya)

en W

>0 70

we musthave yc-Ya>0

Thus, yy-Ya 0 and Yc-Yc<0.

So, yo < Ya and yc
Ya

We want toshow thatYcYb.

Suppose otherwise thatYc* Yb.
since

Then,
-

3
- y =
t(y) - 3a) -t(yn

- 3a)

<(yx - yal

re
This gives yy-Ya<Ybya which is a contradiction.

Thus, Yc? Yb.

So we get ya<Yy<Yc.

So, f(A)<f(B)<f(C)

Thus A-B-C. This concludes casel.



⑭2: Suppose =ham is a
non-vertical line.

Letfil-> IRbe
the standard

ruler

M =Nm 0.

where f(x,3)
=Mxwhere

Recall that (D) says that

(xb,Yb)
=(XatAXc-AXa,battyc-tya)

Applying of to (D) gives

Myb =M(Xa+ Axc- Axa).

can

byMardsubtract,ine
Since A and B one distinct

and they

lie on a
non-vertical line

and so X-XaFO.
we know XoFX a

We break the proof
intotwo

cases:

X-XaCO
and Xx-Xa>0.



i) Suppose X-Xa
CO

Then from ($$() since we
have

(Xx - xa)
=A(Xc - Xa)

en W

O 70

we musthave Xc-XaCO-

Thus, since Xb-Xa <0
and Xc-Xa<0

we have Xx<Xu and X.Xa.

We wanttoshow that
X,Xb:

Suppose instead thatXx
=Xc.

↓
E

Since OCAC1 we know IA

So, then #(Xb-Xa) =Xc - Xa
from above

C
and we yet(a-Xs) =Xax.. (*

*i

thens -
Xa-Xc

=E(Xa - 1) < Xa - xb>, Xa - xc

itx



Butthen Xa-XchXa-Xc,
which is a

contradiction.

Thus we musthave X,Xb.

Summarizing the
above we get X,X,

Xa.

Since M= Nm2 >0 we get MX,
<Mxx<MXa.

Thus, f(c)<f(B)
< f(A) and

so C- B-A.

Since C-B-A we have A-B-C.

(i):Suppose Xb-Xa>0.
Then from ($*D) since we

have

(b - xa)
=A(Xc - Xa)

en W

>0 70

we musthave Xc-Xa>0

Thus, xx-Xa> 0 and Xc-Xa >0.

So,XXa and X
X a

We wantto
show thatXcXb.

suppose otherwise thatX.Xs.



↓

Then, -Ye
xy - xa =A(X,

- xa) -t(xn
- xa)

<(X, - Xal
Ac-e

This gives Xn-Xa<XbXa which is a contradiction.

Thus, XXb.

So we get Xa<Xy<Xc.

Since M=Nm20 this gives Mxa<MXbsMX,

So, f(A)<f(B)<f(C)

Mus A-B-C.

This concludes case I.

Thus, by cases 1 and I we always

yetA-B-C.

so we have proven (s).


