
Math 4300↳Homework 1
its



(a)P =( -1,2),a
=(3,2)

They don'tlie on a
vertical line, so

plug them intoy
=mx+b toget:

"
·
D-2 gives

- 4m =0 or m
=0.

Thus, b
=2.

lie on Lm,s= 10,2.
Thus, P,

Q

3
=2

com



⑯P =(- 4, -r),a =( - 4,2)

have the same x-coordinateand

thus lie on the
vertical line Ly

L- 4
M

I Q·P ⑳

x=
- 4

#,Q=(4,3)
don'tlie un

a
vertical line

so

some m,
b.

They

they must
lie on y

=mxth for

Plug them
into y

=mxth toget:

Eit
-2 =

- 2m.
So, m =1.

① -gives
Thus, b

=1 - 2 m
=1 -2 = -1.

Therefore,



P, Q lie on (m,b =L,,-1

⑧a =(4,3)

-,"



⑰)alP =(1,2),a
=(3,4)

P, Q don'tlie
on a

vertical line so they

L
mustlie on some r

Plugging them into(x-c+ y
=r gives:

2

S
which

becomes

.
①-2 gives 4C-20

=0.

So,c
=5.

Then, agives
r =S-2(5)+ 5

=20.

So, r =0 = 4.47.

Thus, P=(1,2) and Q
= (3,4) lie or shro

Picture



f %
⑭Y=20

-

stro-"r
-

I= - - to-
+ti+

+tot
- - -

-

-))P =(π,5),a
=(π,z) lie

L.
on the

vertical line
I

- I+

I ! Q-

⑧
-

⑧ P
-

- -
-11+1

- -
-



-P =(2,1),a =(4,3)

These points don'tlie on a
vertical line.

So, they mustlie on ahr for
some cr

plug P, Ginto(x-cl"+y
=r' toget:

W4
This gives

-
① -gives 4c-20

=

0.

So,c
=5.

① then gives
r=S-4(5)+S

=10.

So,r
=4 =3.16



I a
=
(4,3) =10

---
Err ---

S =2

⑰4,Q =(3,1), M
=(1, - 11.

↳3-

&IEi&

11 I-
Suppose P,Q,R

were
collinear.

the

Thenthey would all
lie on

a line throughsince

line le ( any two points que
same unique ↳

Since P and Q
both lie on



this would imply that l
=L3.

ButR
=(1,-1) does notsatisfy x

=3.

So, there is
no unique

line thatP,Q, R

all lie on.

Thus, P,Q,R
one

noncollinear.

2(P=(2,1,a =(4,3),R
=(6,5)

Are these
points

collinear?

suppose they
all lie

on some
line le

I can't
be

vertical since
P, G, R have

different
x-components.

So I must
be ofthe

form y =
mxth.

Plugging
P =(2,11

and G = (4,3) into

y
=mx +b gives

↳is
Doing D-2 gives - 2

=- 2m.



Thus, m
=1.

And by 0 b =1 - 2m
=1 - 2 = -1.

So, P and Qboth lie on LimbL,

Since the
line through

P -
and Qis unique we

have
l =L,,-1.

this line also?

Does R=16,3) lie on
N zi

5 =6-1.

y
=x -

1
We havee.withX = 3

y
-

So, R
also lies on hi,i

Thus, P, Q,
R and

collinear.

⑮(1),a=(0,3),R =(0, - 5),5 =(0,10)

collinear since they
all

are

lie on X
=0, ie Lo. ·



-S - 2
L dea o

A =(- 2,2),B
=( - 2,4), I Ic =( -2,300)
all

lie on - 2

La
7 - -
-
-
- - -

,a=(1,2),R=(4,1)
Are these points collinear?

suppose they
are. line l.

thenthey lie on
a unique

Since they
have differnt
x

coordinates the

line is not
vertical, and

is of

the
form n =r*=r

Plugging and
Q into (x-c"ty =r" and solving

gives
-

i
↓



it's ②↳
①

yS3>0
① - gives

2-4
=0. So, c

=2.

I
2 +1 =2

+1 =5

Then, r
=

~ 2.236
on ztrs

Sos r =
55-

Thus, P=(0,
1),
and Q=(1,2)

lie

Does M
=(4, 1)

lie un zhrs?

If x
=4,y

=1, then
(x-2+y

=(4-2 +1 =S

So, yez
R does.

Thus, P, G,
R

1

=3
are

all I Lcollinear.

-

4 =(0,orinthe
- to t

C=2



⑰)A =(1,1),B =(3,1),( =(2,3)

Are these points
collinear?

suppose they
one.

Pence themes"arediffer
rate;

they must
all lie

on l=chr
for

2, r.
some ges

Plugging
A =(1, 11,

B =(3, 1) into (x
-cty2

⑮
↓

.
① - gives

4-8
=0.

So,c
=2.

Then, Igives
v=2"-

2(2) + 2
=2.

Se,r =2
=1,414



Thus, A =(1, 1, B = (3,1) lie on or an

Doesis
alsoin P

Plugging x
=2, y =
3 in reset

(x - 2+y
=(2 -
2+39 =4

so, C
does notlie

on a
ha

Thus, there
is no -

unique line
that

passes
through 7.A, B, C
and

these points
- ---

are noncollinear.



)L, =L, so they are parallel

It,and L-g1, =4.
So, L., and Li "one parallel.

-1-3 ↑ L,

⑭ LFL,
Do they

intersect?

togety
=-3+1

=-2. iPlug x =
- 3 intoy

=x+ 1

So, 2,12,,
=[( - 3, -23 *4

This, h, and h,
me

notparallel.



⑭ Lizh, L4x,X

Take y = - x +2
and

Do they intersect. iplug itintoy =x+ 1

toget -x
+2 =x+1

Men, x
=Y3-

Plug this into y =
- x+2

toyety =
- 13 +2

=
5/3

Thus, 2,14,,,
=5(5'13 *4

and so the lines are notparallel.

-int8) Ls,43, - 1

I ↓Plugging y
=3 x +2

into

y
=3x - 1 gives

3x +2
=3x- 1.

2
=

-
1

Thisiscan'tbe solved.

so, 23,
243, -1

=4-

Thus, ha,
and La,-, ae panallel.



⑯aloh, Fstz

We have two
equations:yDo they intersect? y >0

-

⑲ I I stz-

-
S o I

-

-
-
+
a=4)

+y28
<

-

①-D gives 10X-25=-1.

thatgives 10X
=24.

Thatgives
x ==

Plug x
=I intoD

toget

y1 -x
=1 -2=

Butthere is no y
with

y
=
-19.

25

Thus, oh, 1st=4.

So, oh, and she one panelles.



⑱
oh, Fahz

Do they intesect?

We have M

i I L

-

-

22

I
·

- -

=a
① - Q gives

4x-4=-3. Se,
x=

Plug x =5into
Q togety==1-t=1

So, y
=16

Similarly x
= 4 in 8 gives y =

22-(4-2)"

So, ochz=[(4,145
=b

Thus, oh, and who
are notsmallel.



⑥() .stz
Do they

intersect? 2
We have the equations

L

' ↓↓
S 0

hie

hiiharas
then D-2 gives

10x - 25
=96

10 x
=121

x =I 14641
100

Plug x =Iinto& togety2=100
- x
=100 - -

Butthere is
no y

withy
Se, 040vstz

=4.

Thus, oh and she one panallel.



⑥(d)

ri
=04,0

So, h and che

me parallel.
M

10

-
C
(-10,07



⑥ (e), LF- st

Do they intersect? -
We have these

equations:

= ↓
L L

Plug into D to
get &

(-5 - 12 +y
=100=so36 +y
=

100

y
=x64 =8

Thus, 40 -s
=3( - 5,813 F4

So,,4 and ash are notparalell.



⑥(f), Fahz
Do they intersect?

We have

iE IS 2
L
2

Y-I
-I

① - gives
2x-3=-3. sinetipinthe hyperbo

plane
So,x

=0.

Plug x
=0 into D toget

y
=0,

and Soy
=0.

Plug x
=0 into &

toget

y
=
0 and so y =

0.

However, even
though (x,y)

=(0,0) satisfies

I and & we
have 10,0) is

notin the

hyperbolic plane
since

its y-coordinate
isn't

positive. So, h,Maz
=pandes and



⑦ Let(2,2) be an incidence geometry.

LetP, Q, R be distinctpoints from I

thatare
collinear.

Then there exists
a
lined from 2 where

le

P, Q, and
Iall lie on

We mustshow
& is unique.

Since (B,2) is an
incidence geometry

there is a unique
line through any

two distinct points.

Thatis the only line
through 4 and

-

Qis PQ.

Thus, l
=48 and itis unique.

#



⑧ Let (42) be an incidence geometry.

Let &e1 be a line.

We mustshow
there exists a point

P-8) that does not
lie on 1.

suppose otherwise.

then every point
PCBlies and

Butthen all the
points of 83

would be collinear.

However, (8, 2)
is an incidence

plane and
thus by definition

there must
existthree points

thatme
noncollinear.

Contradiction.

Thus, there
mustexista pointP

where p is noton
la
⑭



⑨ Let(8,2) be an incidence geometry.

LetP-8be a point.

We mustshow there exists a line l

where 44l.
Suppose otherwise. line in 2.
Then P lies on every

Since we have
an incidence geometry

there exist
points A, B,

CEI

thatare
noncollinear.

case 1:Suppose
P is one of

A, B, or
C

-

loss ofgenerality,
assume

P =A.

B -

Without

Since P is on every
line

we would get *I"--

thatPC BC
2

Butthen P, BEis
and

-

BC

P, BeBe.

So, i =Bcsince
there is a unique line

-roughPand
B.

Butthen A =P, B, and C all lie on

-

PB =5c which contradicts



that4 =A, B, and C are

collinear.

Thus, there mustexist
a line d

that4 does not lie on.

⑭2:Suppose
PFA, PFB,

and PFC.

Eiof
-

If I didnot inweE ~aredone.

cuse we A
Thus the only si
have lefttoconsider

⑧

is if plies
on
all
-

three of EB, E, and BC. -

Ifso, then A and P lie on
FBand AC.

Since there is a unique line
through any two

points this givesEEC.
-

Also, we would then have
p and

B lie on
FB and BC

Since there is a unique line
through any two

points this give
c



Butthen EB =Ec =Ec.

Butthen A, B, C would be collinear.

Contradiction.

Thus in case I we
also have

that there

mustexista
line thatI does

notlie on.

#



⑩ LetP be some pointfrom

By the def of incidence geometry there exist

points A, B, CEY where A,B, C are

non-collinear.

1:Suppose P is equal toone ofA, B, or C.

For example, suppose
P=A. Thenset, Q=B

and R= C. We would have then

thatP, Q, R one non-collinear.

Same idea works ifP
=Bo.P =C.

2:Suppose
PFA, PFB, and

PFC.

(i) If 4, B, C are non-collincar *
(setG =B, R =c)

are
non-collincar *- (setG =A, R

=C]
or A, P, C

or A, B, P one
non-collinan = (set

G =
A, R =B]

then we are done.

(i) The only case left
is thatP,B,C

me collinear

and A,P,C one collinea, and A, B, P are collinear.

We show this can'thappen.
Suppose itdoes.

Since P, B,
C are collinear and there

exists a

unique line through any two points we have
P C

that itSi.P



Similarly since A,P,C me collinea P
C

we have that=ICQ

1-0 8 7

Thus, BC
=4C =AC

Butthen A, B, C
-BC =

Ec contradicting

thatA,B,C one
non-collinea.

Thus, (ii)
can'thappen.

Thus, by the
above there

existQ,RE8

where P, Q, R are
non-collinear.

#



) ↳6

I
- (0,1)

(i): Is there

a line = ha through all
le

too do? Theonly line

↳ ! IC0,1) that
is paralell -

La through (0,11
is Loo

Lo

In this case,

(n
=5(0,y)(y=(R3r[(6,y)(y -13
=b.

So, ho is
paralell toha

-

case() Suppose R
=Lm,s goes

through (8,1).

-

Then, 1
=(m,1 =E(x,y)(y

=mx
+1).

Can be paralell
todo? &

INo.

This is because
the
#sm

point (6,6m+1) E(m, 146



So, Lm,MLF4 and the two lines

-arenot
paralell.

Thus by cases (i) and fill we have

thatthe only line through
4 =(0,1)

thatis paralell to LI is Lo.

#

i
Let& be a line

and P a pointnot
onl

We must
find a unique

line in such

Pem
and m is paralell

to l

that

caseFl

soprsee=2.at.where P4 La.
P =(e,f)

Since PELa we

know eFa.
Le
I



NotethatPE Le

And Lef(a =E(e,y)(y =131[(a,y)(y=1R}
=4 (since etal

So, PEL, and L is pmallel toLas
-

2

We show he is the only line with
this

property.

he is only vertical
line that4

lies on

Whatabout
a

non-vertical line?

Suppose

Then, perossingpart(a,ma+b) - (m,b)da

and so him,and La meantell.



⑭:Suppose & =Lm,b and P =(e,f)

where I4Lm,b

Since PCLm,b we

Consider the line(ann'-(x,113-myyngee
where b=f-me.

Then, f
=me+b' and so

P =(e,f)tLm,b' -

Since byf-me
and b

=f-me we have

thatbeb'

Thus, LangueLm,b= 4
because if

(x,y) -(m,b(m,n*
=mx +b', butbe

b

then mx +b =y
↑ X(x,y)=(m,b
(x,y)f(m,b

So, Lm, nand his are paralell.



Thus, PELm,' we hm,b' is pannell to him,b

Can there be any other such
lines?

Any rentical
line La mustintersectLm,b

because (a,matb)thaMLm,b
?

Whatabout
a

non-vertical line

Suppose PE
q

S

n

↳ Alm finpoints that
solve y

=nx+q

Then, Since P =(e,7)t2n,q
we have f-netq.

If n =m,
then since In, qFLm,b'

we musthave q Ib

Butthen q=f-neif-me=
b'.

But thatgives bother9Eb'
and q = b'.

So we can'thave n =m.

If nEM, then by solving nx+q =y
=mx +b

We get x
=b7. I defined since
n - m -So n -mto



(x,y) ==
=in() +1)

We them have C

lies on both ha,and Lim,b

This shows In,and Lm,by are notpenabled.

Why does (*i5) lie on
both

lines?

Plug itin!

We have

y - (nx +f)
=n(E) +7

- (n(2m) +q) =0

So, =nk +q.

So, (4,5)(Ln,q.

Also,

4 - (mx +b)
=n(i) +q - (m)i) +b)

-.
)- m(b - z)+q - b

n - m

I emb- q1 +(q - b)
n -m

=(b - q) +(q - b) =0



So, (4,5)tLmb-

Thus, Ln,qhm,n*p and they men'tparallel,

Therefore, the only line through
that

is panalell toLmb is (m,b'

#



⑰(a) !LetP =(0,1).

Note thatPtoL
and ohrgh =4-

So, PEoL
and oh is paralell

to ot

Note thatoh
is the only vertical

line that

p lives on.

Can we find
and chelines

thatlives

on thatone
paralell tosh?

Suppose P =(0,1)
satisfies (X-c+ y=w?

Men, (0-c
+

=r2.

So,+1
=r. oh

↳r
Let's conside -

20 to start. =to --



We need
6 and c+r = 6

so that-16L =0

For example, pick any C with

0 << 1.

hebit
c +c

and C+r
=

- 1+

=1 +5
=2.7346

r
=+1,

and
So, if occ

then PEchr
and=

p.

c
is paalellL

to sh



Since there are an infinite number

of a with 0<c<1 we get

an infinite
number oflines that

P lies on
thatare pondell

Hi
#Problem 1(a) shows that

not ture
-

the following statementis -

by using
P =(0,1) and

l = sho

isinthe



⑬ Let4 =(x,y, ( and Q
=(X2,y2)

where X,FX2.

2(Xz - x,)-
and

We will
show that
4 and Q

both lie
on chr

Since r
=1+yY We know

that(x,-ctyi
= r and thus

P =(x,,3,) lies
on chro

Expanding
out(Xicty

=r" we

x,2 - 2x,
+x +yi =r which

get

+i=r- (X)becomes



Since c
=
37xe

We know

2xx - 2x,c =y,-yi +xi
-x?.

And so,

4p +yy =xi
- 2xx

+3.(**)

Now sub (*)
into(**)

to get

v
=

(
=x=- 2x,7

+4?

This gives

x
=

- 2x,
+i +y =r2

So,
(xi - c) +y2

=r-

Thus,
Q =(Xu,y2) also lies on chro

⑭I



⑭ We mustprove thatI = (H11,IH)
is an incidence geometry.

We showed in class
thatIt is an

abstractgeometry.

So we must
now

show properties (i)

and (ii) of the
incidence geometry

definition.

(i) LetP
=(X,,y,) and Q

= (x2,yu)

be distinctpoints
from All.

We know from class thatthere
exists a

line & where I and Qlie on
l

We must
show that

is unique.

Suppose there exist
two lines &

and m that

P and Qboth
lie on.

We will show that in
all cases

we have l
=

m and this

will show there
mustbe

a unique

line through P and Q.



1.Suppose and in one
both

cuse

vertical lines. That
is suppose

l =ah and m
=pL.

Since P=(X,Y)and G=(x2,42)

both lie on
a
L

we know that -
x,
=a =Xz.

Since P and aboth lie on th

we know thatX, =
b =Xz:

Thus, a =b.

So,l
=a

=y
=m.

↳ Suppose
& is a vertical line

case

and m is a non-vertical
line.

Then, l
=a) and m

=chr

Remember, we are assuming
that



P =(x,y) and G=(x2,42)

both lie on 1 and on me

Since P, Q both
lie on

1 =c1 we know

P =(x,,y,)
=(a,y,)

P
= (a,y)814

and G
=(X-,yz)

=(a,yz) a =(a,-

Since P and &both
↳=rlie un M

=

c r

we know
that

(a-c +yi
=r -t

and (a -cl"
+y2 =r =e

Subtracting gives - 3
=0.

So, (y,
+yz)(y,-yz)

=0

Thus either y, +Yz
=0 0r y, -yz

=0



DiceQEHSuppose y, + yz =0.
then, y, =-yz <0.

Buty,70.H
We can'thave both y,20

and 4,40.

Thus, we can't
have 3,732=0

Suppose y,
- yz

=0

Then Y, =Yz.

But then P =(a,y,) =(a,yz)
=Q.

ButP and Q were distinct.

Thus, we can't
have y,-y2=0.

Both y,tyn
=0 and y,yn

=0

can'thappen

So we now know that
case
I

where I is
vertical and mis

non-vertical can'thappen

and we one done withthis case.



: 1
=hr, and m

=ctr

are both non-vertical.
L

Since P and Qboth lie on
a ri

⑭get:

(x,-x)+y =r, 0#(x-c +y==r,
then this

leads to
-3=0

If xi
=x2 and using

the
would

by subtracting case 2
we

same
method as

and P and
Q

+Y,
=Y2

them 92

would notbe
distinct.

assume XiFX2.
So we

can

↳②



Then0-2 gives

xi - x2 -2,(X,
-x) +y,-yi

=0

them,
- 3i+y2 -xi +x2

c= #x2)

And

ri =N+y?.

Since P and &both lie in auto

we can
do the same thing as above to

#E
to getthat



C
2
--

r
=x+y?. ae"at

and

ESince ,=2
Thus, l

=tr,
=ar=m.

#


