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MetricGeometries
-

Hef:Let S be a
set.

Adistance function
d: SXS- M

-

is a function
thatsatisfies the

following for all P, QES:

(i) d(P,Q) 0

(ii) d(P, )
=0 iff P -Q

(i) d(P,Q) =d(0,4)

#

efine the Eridean
-

Ace da: RxR->IR

as



d=(((y),(x,y)) =e
Q

=1+(y, - yz)

-(1,2)1

=: --↓dz((1,2),(- 1,-2)) (-,2)- -

=

(2 - 3-22
=2= 4.4721

adistanceTheorem:
-

function.

roof:LetP=(X.,y,)
and

a =(x2syz) be in R



sild(4, a1=0X,- x2
70 70

(ii) d(4,G)
=0

iff+(y,-32T
=0

ift+ =0

70 70

iff (x,-xc=0 and (3,-y)"=0

iff x,
- x2

=0 and y,-y=
=0

iff x1
=

x2 and y,
=

Y2

ift P =(x,y,) =(x2,y))
=Q

(i) dCP,Q1=0Cy,Yc



=X(y,- y,)2
=d(a,P.
--
Ref: Let(8,2) be an

incidence geometry.
Let

d be a
distance function

on
B. LetI be a

line

from 2. Afunction

fil- IRis
called

a ruler
for (or a

-

coordinatesystem
for l) if
-

the following are true:



(i) fis a bijection (onto &1-1)
-

between 1 and R surjective I
injective

absolute value in M

(l (Af(a)) =d(P,a)
for all P, QE 4.

IR

>of(a)

,a_T-fra↓



#

Consider the Euclidean

plane 8 =(1, 2) with
ww

distance fracticefrom above.

Let's look at L,.

Define f: L,-Rby f(1,y) =y

~R
e f
- ⑧4-
-

all,men - 1

5--50I I I- ⑧ 1,-8-1

- a(1-2)--- 2



Let's check that I is a ruler.

f is a bijection. We
will prove

soon in general.
IfP

=(1, y,) and Q
=(1, y2)

one on L,

Then,

dP,a1
= +(y, -3.)

⑧

- 8,5y212
1z1 =EE -- =(y,- y2)
ZE IR

=(f(1,3)) - f(1,y))
=(f(p) - f(a))

#



Now consider the line

2, f(x,y)E14)y
=2x +1y

Define filz-IR

by f(x,y)
=55.x

22,1
f ~IR

-I--I--2



One can show this is

a ruler. We will prove

soon. For example,

d) - 1, - 1),(0,1))
=

+C-
=I

=1 - 5 - 01

-
1) - f(0,1))



Lemma: Let(8,2) be
-

an incidence geometry.

Let d be a distance function

on 8.

Let& be a
line in 2.

Suppose f: l- Rand

↳freeen



#rof:Let's show the above

conditions imply thatis 1-1.

Let4, QE&P and f(P)=
f(Q).

We mustshow thatP
=Q.

We have that

d(4,a) =(f(P) - f(a))50
P
phn sef(P) =f(a)

Since d(P,0)
=0 and d

is a distance fraction

We Know P =Q.

Thus, f is 1-1.

So, f is a ruler fore


