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Herem: Let(8,4,d) be a

metric geometry.

Letlet be a line
and filt

be a ruler/coordinatesystem
for l

Letat and E =I1.

Define has:1- R by

ha,(P) =3(f(P)
- a)

↑ifsf by a
S = 1 does nothing
S = -1 flips o

Then, haswill be a ruler

for le

for:See notes. W



#

Consider the Euclidean

plane. Letl
=L2.

The standard ruler
is

f: Lz - 1is f(2,y) =y

~IR

f - 2

-80I
&(2,-2)->

I&- 2
Let's make a new

ruler using

the above theorem with
a
=2

and E = - 1.

Leth
=ha,=hz,-1

be as above.

So, w(P)
=(-1). [f(P) - 2]



1 L2 S iR

3

·(2,2) 2·eI
Y

:⑧--2
I -

h(2,0) = -[f(2,01 - 2] = - (0-2)
=2

h(2,2) =- [f(2,4) - 2] = - [2 - 2]
=0



them:(Ruler placementtheorem)

Let (8,2,d) be a metric

geometry. LetIt
I

be a line. LetA,
BER.

Then there exists
a ruler

:l-IRwhere↳ (A) =0 and h(BK0.

l
·
nioh-
-
2

Bor
⑧0↑ IAo---In



prof:We are in a metric

geometry. Thus
there exists

ruler fil- IRfor
l.

a

~R

B· of(B)
A.-of(A)↑ I
of(B)f(A)case I:
-

Then define

h(P) =10) f(P)
- f(A))

by-(A)



Then his a ruler by the

previous theorem and

h(A)
=f(A) - f(A)

=0

h(B) =f(B)
- f(A) > 0
xf(A)

Supposef(B) <f (A)

Then define

h(P)
=(-1).[f(P) - f(A)]
ene

shift f by
E f(A)

Then h is a ruler by the

previous theorem
and

h(A)=f-11. [f(A)
- f(A)) =0

h(B) =(-1) - [f(B) - f(A)]
= +(A) - +(B)Fisi



- #

mple:Conside
the Euclidean

plane. LetA
=(1,0) and B =(-1,2).

-

Letl
=AB

Find a
ruler
hil-R

where
h(A)

=0 and h(B)>0.

Solution:
-

Aand B lie on

1 =2,
=[(x,y))y =

-x +13

The standard
is fil-

R

where f(x,y)
=rx

Estaemsb



1 IR

to↓
~

In this case
f(B) <f(A)

so we need toboth
shift

and flip!

The formula
for his

h(P)
=(-1). [f(P)

- f(A)
--
fli shifttomake

E= - 1
n(A) =0

tomake
h(B) > 0

= f(A) - f(P)



Sr,h(x,y) =f()-f(xy)JP =(x

h 1

02/2>0

-1
h(A) =h(1,0) =2

- 5(1) =0

h(B) =h(- 1,2)
=F - x(- 1)

=252>0



them:Let(8,2, d)
be

a
metric geometry. Let

= 1 and
f: l- IRbe

a ruler.
If giltIR

is another
ruler for es

then there exists
at R

and 3
=I) where

g(P)
=3)f(P) - a)

for all PEl.

of:See Millman/Parker

page 39. #



Sire
&ef:LetA

=(x, y.)

and B
=(x2,Y2) be in R?

LetLER.

Define the
following:

(i) A+B
=(x, +x,y, +yz)

(i) dA
=(ax,xy,)

(i) A - B
=(x,x2, y,

- y2)

(iv) (A, B)
=x, X2 +Y,Y2

(v) IIAll=A,A)



=Ny,

EliteA =(1, 2) and

B =(- 1,5)

Then,
A +B =(1 - 1,2

+5) =(0,7)

3A =(3(1),3(2))
=(3,6)

A - B
=(1 - (-1),2

- 5) =(2,
- 3)

(A,B) =(1))- 1)
+(r)(s)

=9

11 All=N121
=5




