
Math 4300W9 /11/23



feet:Let (B,2) be an

incidence geometry.
Let d be a metric

on
8.

If every
line let has

a ruler with
respect
to de

then we say that

(8,2, d) is a megeometry
-

=>(1, 2=,dE)Theorem:

is a metric geometry. One

possible setofrulers
is:

fiLat I given by f(a,y) =y

f: Lm,stRgiven by f(x, mx+b)
=x r2



We call these the standard-
rulers for the Euclidean plane 5
--

#

of:We already proved

that deis a distance function

We have toshow thatthe

above are rulers.

see1:Let's
show f:hat

I

given by f(a,y)
=

y
is a

Why

Letye IR

ruler.
is f onto?

GThen (a, y) z La

and f(a,y)
=

y



Whataboutthe ruler formula?

LetP =(a,y,) and Q= (a,yz)

be on La.

Then,

dy(P,a)
=a(3,-ya)"
=E,yz)2
=(y,- yc)

=If(a,y,) - f(a,yz))

=If(P) - f(a))

By thelemma, f
is a ruler.

case 2:Now consider the
-

function f:(m, n
->IR

given by f(x,mx+b)
=xNm2



Why is f onto?

miny"Let

and

then f(m2) mm2+b)
2 = Z

= mem

So, f is onto.

Now let's show the ruler equ.

LetP
=(X,,mx, +b),

Q =(xx,mxc +b) be on Lm,b

Then,



dzC4, Q1
= (mx,+b - mxc- b)"

=A((mx,- mx)2

I= m2(X,Xc

=NX,-Xc

=Vm2Xcl2

=m".(X, -Xel

⑲ (m2.x, -mXel

aiy(cal =(f(x)- f(a)



So by the lemma f is

a ruler.

-
For the Euclidean plana

firstwe made a
distance

fraction and then we made

rulers thatrespected
the

distance function.

For the Hyperbolic plane

We reverse
this and

make the rulers first
and then the distance function.



Firstwe need the hyperbolic

functions.

Hef:LettE
define

-t
et-e

sinh(t)=2
- A

et +e
coshA=-2

et
-t
- 2
en

- t
et +eturnin - t

2
-

e +e



Lemma:For any tEI,

we have that:

(i) [cosha]- [sinhSAY
=1

(ii) Stank(el]+ [sech(AT?I

(ii) sec(AKO

#SeeHW2

Let's now make bijections

from the lines in the

hyperbolic place and
IR.

Thesewill be our rulers.



grem:Consider the hyperbolic
plane If

=(H11,H).

(i) The function giaL
->IR

given by g(a,y)
=(n(y)

is a bijection with
inverse

R
S

(a,2) ⑳-- ⑧ In(e)
=1

-> In(2)
⑳

-
⑳ In (11 =0!

9

I(a,1)⑧e- let



(ii) the function fict--> R

given by f(x,y) =In) *Y4)
is a bijection with

inverse fraction

f(A) =(c+r.tanh(A), r.sech(A))

~IR
M

f -

f(x,y)⑧

- I

(,r)
& (n(1) =0Iit
f(x,y)

⑯-
-

⑧ ⑨

S --2- Iar



itpicture as above 4.

:ech,with xa
We know y <r.

Thus, y (r - y) >0
en
>0 >0

So, yr> y2
Thus, 2yr> 2y2.

So, wry
+y?

(x - c)
2
=
r2 y2

MVs, r2zry
+y(x - c)2

Hence, (r-y) < (x
- c)2

So,(r-y) (c - x)y r -yx0
c - X >

Thus, v-y < (
- X.

Hence, X-c
+ r< y.

So, x-x
+r.(
-
3

Thus, in this case f(x,y)= In
(*) <0.



case&cewith x

Then x - c>0.

So, x-ctr>r.

Note r >y-

So, x -c + r>r> y
-

x - c+ rThen,
-> I
y

So, In5 < 0.S
So, f(x,y)>0 in R.


