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⑳em: Let (2, 2 , d) be a
metric geometry .

Let A
,
BEB

with AF B
.

then there exists a ruler

f : AB - IR where

#B = Exc Es / f(x), 03

One such ruler
is une

↳and"niE



or: By a previous theorem
there exists a

ruler f : B- IR

where f(A)
= 0 and f(i) > 0 ·

cam: #B= EXCEB1f(xK,03

E : Let Xe/B .

->
o

-

Then , X EAB because AB
= AB

We need to
show that

f(xK,0 .

suppose
instead that f(x)<O

.

Ther
,
f(x) < f(A) < f(B) .

-

0

Thus , X-A-B .

But EB = SCEBl?" -

and Hm
·

#4 says one
and only one

of the following can be true for X :



X-A-B or X
= A or A-X-B or

-
LeeA

- B -X

X**B Xe B

-

So , X-A-B implies X & AB

which is a contradiction .

Thus
,
f(x) >, 0

So
,
Xe [CEB/f(CK, 04.

- : Let X = [C=8(f(c), 0)

We need to show XEFB .

We have f(x) >0 ·

If f(x)
= 0

,
then since

f is 1-1

and f(A) = 0 we
have that



X
= A which implies XeAB .

If 0 <f(x) < f(B) , then
-

f(A)

A-X-B and so
X-FB

.

If f(x)
= f(B) , them

since

that X = B
f is I we Lure
and so XE AB .

If <f(B) < f(x) , then

-

f(A)

A- B-X
and So X = AB .

That's all
the cases,

so X-FB .

⑮



EX : Consider Lm
, b

= ↳
, 10-

A
- ⑧I

⑮

-
S

⑳ A = (0, 10)
I

I ·

"

⑨
X E-· --&= s
,

11 IAl

*
set

: 9(X) = - f(x)
-

↳= 0
,
(B) =3 >0



He: Let (4, 2 , d) be a

metric geometry .

Let A
,
B
,
C
,
D = & with

AfB and CFD .

We say
that the

line segments

AB and To are congruent,

and write
AB= ED , if B

- D

AB = CD . A

--recall this
means d(A ,

B)
= d(,D)

ie the length of AB-

equals the length
of CD ·



Tgen : (Segment construction Theorem)

Let (84 ,
d) be a metric

geometry .

Let A
,
B
,

P
,
Q B

with AFB and
PFQ .

Consider the way
FB and the

line segment PQ .

There exists
a unique point-

->

c EAB such that
EC = PQ

B
⑧*⑧
-a

PQ
↑



prof: Let f : EB- R
be

a ruler
where f(A)= 0

and f(BK0 .

By the previous
theorem

B = [xt1f(xK, 03

Let -
= Pa. 1)

Set C = f-(r)
-

C AB
A B

-⑧

f ↓ R

-
↓ 8 = +(c)E ↓

-
r
= PQ



Then,

AC
= d(A , Cl

since

-> is
= If(A) - f(c))⑭Mo
=10 - r

⑧
= (r)

r7 D -E
= r

= PQ

So
,

C = Fa

Why is C unique ?

Suppose there was another point
->

C'e AB with ACE PA .



Since CEAB We know f(al, 0 .

Then ,

f(c) = f(c)
- f(A)

1

S
sinceo =(f(c) - f(Al)

since
= d(C, Al↳f(ck, 0 = f(A)
=

dCA ,

cl⑩f is
=

AC
= PQ

=r

= f(c)



Since f is H and f(C = f(c)

we get C = C' .

so

, is
the uniquePoint a


