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#The plane separation axium

Alef: Let (B,2 , d) be a metric

geometry .

Let S = B.

if
We say that

S is convex
-

given any
two points 4

,
QtS
,

then FQ=S .

-

*
: [Euclidean plane) thista

S

1
S Sos =S / We⑧ ⑳

-⑧↑ ⑧

CONveX
not convex



De: We say that a metric

geometry (8,2 , d)
satisfies

the peration
axiom (PSA)

if for every line
let there

exist two ROR- empty
subsets

H
,

= & and H2 B such that

(i) &
-

= H
,
VHz -

-

(i) H, H2
= 4 -

It
,

(ii) H ,
is convex D ↑- #z

⑳ --
and He is convex -- PQ

0⑧

(iv) If P-H ,
and QtHc

, -Q
then FORF4

EmB = Ex) x = A and x*B]
*

B,



The subsets H , and He

are called hulf-planes
-

determined by l-
-

EX
: Euclidean plane

in-H2



= Hyperbolic plane
↑

*X
E

--- ->
......

-

later that bothWe will see

the Euclidean plane and

the Hyperbolic plane satisfy

the plane separation
axiom

(PSA) . For now we prove

some general results .



Trem (The half aresqdetermined

Let (2, 2 ,
d) be a metric

geometry that
satisfies the PSA .

Let l = L .

If His He satisfy
(i) - (iv) of

the PSA to l
and

Hi , H2 satisfy
(i)-(iv) of

the PSA for
l
,

then either
H ,

H !, and Ha= He

or H
,

= H2 and Hel !.



wrof:

Pick some point PEH ,.

By (i) of PSA we know PKR .

Since H ! and Hi # l
-

also satisfy the
-

--

PSA axioms
P
8IH2we

have eitherC- en

- -

P-H ! or PEH .

n

Let's assume PEH' . Would
give

S

Sthe cuse PEH
is similar)=[H ,= H2Hz

= H !
Now we will show

that

H
,

= H
,
and Ha= H2 ·



We will first show H
,
=H ,

by showing H
,

H
,
and H , H

,

#H!: Let QEH ,

If Q= P, then
QE H !.

So
, suppose

QFP
.

We need to show
that

GEH !

suppose instead that Q& H !

Since QEH ,
we know Q .⑱

So since GEH ! We
must have

Gets .

Since PEH !
and GEH2 we

know** B
# H-- -W-(from PSA (iv) · ·②- ⑧

⑧

But also P
,
QEH

,
- -
-



and H
,
is convex

,

thus Fa= .
E

.

which means PQ11
= 4

Contradiction,

Mus
,

QeH'

So
,
H ,
=H !.

A similar argument shows Hi= H .. (*?)
So
,

H
,

= It' !.

Then ,

H2
= (8)-1) - H ,

* (8- 1) - Hi
= H2

#, Thus ,
Hi= H ,

and Hc=H2 .

#



Ref: Let (8,2 , d) be a metric

geometry that
satisfies the PSA

.

Let &
and His He be

the half-planes
determined by l .

Let P
,
QE 8 . #

. Iz
that P and & or

(i) We say -

lie on the se
of ↑

-

Q

itei,
or P

,
Rel -

--

(ii) we say
that P and

Q
H

,

opposite sides
of l - H2

lie un- -
-

p ⑧↑if either -
-

P-CH ,
and QeHz

- -

ou PE Hz and
Q-H ,
- · Q
-

(i) IfAwe say that Hi
is theseethat contains 4 .




