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SolutionsI



W①(a) P = ( - 1
,
2)
,
a
= (3 , 2)

They don't lie on a
vertical line , so

plug them into y
= mx+b to get :

2 = m( - 1) + b[2 = m(3) + b
Or

- m
+ b

= 2 ①

⑱3m + b = ze

D-2 gives
- 4m = 0 or m

= 0 .

Thus , b
= 2 .

Lm
,
= 10, z

:

Thus , P ,
Q lie

on

3
= 2

P
- Q Lo

,
2⑧-

-F



①(b) P = (- 4 ,
-r)
,
Q = ( - 4 , 2)C and

have the same x-coordinate

thus lie on the
vertical line Ly

L
_
4 N

P

&
-*
x=
- 4

-

①(c) P = (2 , 1) , Q
= (4

,
3)

E
for some

m
,
b

.

They don't lie
un

a
vertical line

so

they must
lie on y

= mx +
b

Plug them
into y

= mxth to get :

Eit
①-2 gives -2

=- 2m ,

So
,

m
= 1

.

Thus , b
= 1 - 2 m

= 1 -2 = - 1
.

Therefore ,



P
,
Q lie on Lm

,b
= L
,,
- 1

N

-, ,S



⑰)alP = (1 ,2) , a
= (3 , 4)

P
,
Q don't lie on a

vertical line so they

must
lie on some

a
Lr I

Plugging them into (x-c+ y
= r gives :

I - + 2= r2+4= r
which

becomes

c z + S
= r 0Ci - 6 + 25
= r2 &

①-2 gives 4C-20
= 0

.

So
,
c
= 5

.

Then , ① gives r
= S-2(5)+ 5

= 20 .

So
,
r =

0 = 4 . 47 .

Thus
,
=(1 ,2) and Q = (3 , 4) lie

or sho

Picture



(x -5)+ y
=
20

Q = (3 ,4) W
11 ,2) f ⑧ ·

To
3 >0

-
0

IP
- ⑧

-

S
--

+ - - - + + + tot
---

⑧ I bil
C= SW

,) , Q = (H, 2) lie
on the

vertical line Th .

- I x
= H

I
W-

I !
L ↓ y>0

-

Q
⑧

-

⑧ P
-

- -
--+ -1 + - -



-P = (2 , 1) , a
= (4 ,

3)

These points don't lie on a
vertical line .

So
,
they must lie on ahr for

some cr.

plug P
,
G into (x-cl"+y = r

to get :

(2 -c+
= rE(4 - c) + 3= r2

This gives

-
① - gives 4c-20

=

0
.

So , C
= 5

.

① then gives
= S-4(5)+S

= 10 .

So, r = F
= 3

.
16



(x-5)+ y
=

10

a
= (4 ,3) s 3 >0I -ch-⑧=

Ri ⑧ i

⑧ I

---------------1011 1 1 / / 101 1
S = 2

⑰, 2) , Q = (3 , 1) , M = (1 , -11 .

M ↳3-

f - = 33,% azclFi- (1 , 1)

↓
Suppose P, Q ,R

were
collinear .

the

since a
line through

Then they would
all lie on

( any two points inline le unique)
same unique ↳

Since P and Q
both lie on



this would imply that l
= 13 .

But R
= (1 , -1) does

not satisfy x
= 3

.

So
,
there is no unique

line that
P
,
Q
,
R

all lie on .

Thus ,
P
,
A , R

one
noncollinear.

-(P= (2 , 1 , Q
= (4 , 3) , R

= (6
,
5)

Are these
points

collinear ?

suppose they
all lin

on some
line &.

I can't be
vertical since

P
,
G
,
R have

different
x-components.

So & must
be of the

form y =
mxth ·

Plugging
P = (2 , 11

and & = (4 , 31
into

y
= mx +

b gives

2)+ b =
a

=D Ym+ b
= 3 ②

3
= m(4) + b

Doing D-② gives - 2
=- 2m .



Thus , m
= 1 .

And by 0 b = 1 - 2m
= 1 - 2 = - 1

.

Lm
, b

= L
,- 1

So
,
P and Q both lie on

*
Since the

line through
P y

= x

and Q is unique we

have
l = L , -1

:

line also ?

Does R=16,5) lie
on
this

N zi

S = 6- 1 .

en

We haven
-

y
= x -

1

X = 3 mwith

y
=

on
L
, -1

So
,
R also lies

Thus, P
,
G
,
R me collinear

.

(0, 1) , a = (0, 3) , R = (0, - 5) , S = (0, 10)[
one

collinear since they
all

·lie on X
= 0
,
ie Lo .



x
=
-

2
-S - 2
2a) 0 o

3>0

A = (- 2 ,2) ,
B = ( - 2 , 4) , I Ic = (- 2

,
300) all ·

⑧ALa
- ------

lie On-2

,Q = (1 ,2) , R= (4 , 1)
Are these points collinear

?

suppose they
one .

on
a unique

line l.

then they lie

Since they
have differnt

x
courdinates the

is not
vertical ,

and is of

line
1 =crx(x -

d + y = rC
the

form y > 0

solving

Plugging P and Q
into (x-c "ty= r and gives
-

(o -c+ R
= r2W(1 -c + 2= r2

↓



c + 1
=rWa ↳c -2

+
3 = r2 ② (x -2y= S2

3>0

I
① - gives

2-4
= 0 .

So
,
c
= 2

.

↓
Ren ,
r= c + 1 =

2+ 1 = 3

~

Sos r =
55 ~ 2 .

236 ↳s

Thus,
P=(0 , 1) ,

and Q =(1 ,
21 lie on z

Does M
= (4 , 11

lie un zhrs ?

If x
= 4 , y

= 1 ,
then (x-

2+ y
= (4-2 + 1= S

So
,
yez
R does .

1

(x - 2) + y= S

Thus ,
P
,
G
,
R y >0

are
all

p = (0, 1)

I -collinear .

a

li
/
R
= (4 ,

17

+ -
-

C= 2



⑰) A = (1 , 1) , B = (3, 1) , c = (2 , 3)
Are these points

collinear ?

suppose they
me .

unique
line lo

Then they all
lie on some

Since they
have different

x-coordinates
for

must
all lie

on l = chr

they
C
,
P -

some I

Plugging
A = (1 , 11 ,

B = (3 , 11
into (x

-c ty
2

wes

⑮
↓

e= - 20

c
6
+ 10

= r2 &

① - gives
4c-8

= 0 .

Se , c
= 2 .

then , ① gives
~= 2"-

2(2) + 3
= 2 .

Se
,
r = E

= 1 , 414



Thus ,
A = (1 , 1) , B

= (3 , 1) lie on = L
22

P
Does

un
E:

also lie

Win we get
(x-2y= Y

Plugging x
= 2
, y
= 3 y > 0

(x - 2
+ y = (2 -2

+

32 9 = 4

L

So
,

C does not
lie on a

Thus,
there is no -

unique line
that

passes
through

&

A
,
B ,
C and I

i
"

S

-

A I
-

r
=z

these points - --
⑧

are noncollinear
5 - -

+1+ +
c
= 2



)L ,

= L
,

so they are parallel

Exand L
-,
12

,

= 4 .

⑭
So
,
L
-,
and L, "one parallel .

⑭ ↳FL,E:

"

Do they
intersect ?

Plug x =
- 3 into y

= x+ 1

to yet y
=-3+1

=- 2 .

So
, 2 ,
12
,,

= [( - 3 , -23 = ↑

This
,
L
,
and hi, me

not parallel .



⑭ Liz h
,

M

Do they intersect . "Take y = - x +
2 and

⑧plug it into y = x+
1
-I

to get -x
+2 = x+ 1

then
,
x
= Y3-

Plug this into y =
- x+2

to yet y
=
- 13 + 2

=
5/3

Rus
, L
,

14
,,,

= 515'13 = 4
and so the lines are not parallel .
-

&) ↳, (3
,
- 1

Plugging y
= 3x + 2

into

y
= 3x - 1 gives

which
can't be

solved .·3x-1 -

3x + 2
=

2
=

-
1

This gives

So
,
23 ,2123 ,

-1
= 4-

Thus
,
La,

and La
,
- 1
me parallel .



⑯(a) oh
,
F stz

X
2
+ y 2= 1W -

y
y >0

Do they intersect ? y >0

We have two
equations :

(x-0+ y= 1 = o ,
-

W I I &

I
I

(x -5 + y = 2 = s
I stz

S
- --

0
L ① 111-

*
- -

----

x + y= 1

x
=

10x + 25
+ y
=2

①- gives 10X-25=-1
.

that gives 10X
= 24

.

x =
2 = E

that gives 10

Plug x
= I into D

to get

y 1 -x= 1
-E=

But there is no y
with

y =-
Mus

, oh ,
1st = 4 -

So
,
oh , and she one poalles .



⑥(b)Stan
0 I

Do they inthsect ?

We have M

y= 1
= 8

2
,

I ·

zha
-

x - 2) +Y = 2" =
2

-

-ohIT II
11 + -

-
+ +o

- -
S I 0 I

x + y
= 1Xa

- 0

x
=

4x + 4 + y
2 4

① - Q gives
4x-4=-3 .

Se , x=

Plug x = 5
into & to yet = 1- 5 = 1

So , y
= /10

Similarly x
= 4 in ① gives y =

22 -(4-2)"

So
, oh

,
Mchz=ECYs45

=b
- 1416

Thus
,
oh ,
and whe one not poallel .



⑥() . stz M=

2

Do they intersect
? yx0

We have the equations
L x y

=

100
2 t 10

(x -0 +y= 10 y>0W 14(x-5 + Y
= 22 = st

S
-

o o

100SEMx
2

- 10x + 25
+ y2 = 42 stz

⑧

AiI a
then D-2 gives

L

10x - 25
= 96

10 X
= 121

x = I 14641
100

Plug x = I into & to get y= 100
- x

= 100 - -

=
-

-

But then is
no y

with y=- .

10

Se , 040vstz
= 4 :

smalle .

this , oh and
shy one



⑥(d)

ri
= 04 , 0

So
, h and che

me prallel .
M

10 , 101

-

The
C ①
- * ->
- -

(-10,07 (10 ,0)



⑥ (e) ,LF- st

Do they intersect ? E
We have these

equations :

x-y
x
=

- 5
L

-

Plug into ① No get

↳:(- 5 - 12 + y = 100
36 + y

2

100

y
= 64 ⑧

y
= x64 = 8

Thus , 40 -s
= 3( - 5,83 =4

So,4
and esh are not paralell .



⑥(f) ,
Fahz

Do they intersect
?

We have

x-x + y = 1 = , -

(x- 2) + y= 22 -2 2E -

h

I
⑧

S
- i

+y
= 10 e-

x
2

4x + 4
+ y =4 M I

-
- + -

-7
4 ⑧ I

I
10 , 07 is not in

① - gives
2x-3=-3 .

↳the hyperbolicplane
So, x

= 0 ·

Plug x
= 0 into D

to get

y
= 0 ,

and So y
= 0 .

Plug x
= 0 into &

to get

y
= 0 and

So y =
0

·

though (x ,y)
= (0,0)

satisfies

However, ever

① and & we
have 10 , 03

is not in the

hyperbolic plane
since

its y-coordinate
isn't

and these

positive .

So
,

h
,
122 = 4 lines parabell .



⑦ Let (2,2) be an incidence geometry .

Let P
,
Q
,
R be distinct points from &

that are
collinear .

Then there exists
a line

from 2 where

le
P
,
Q
,
and R all lie

on

We must show
& is unique .

Since (B, 2) is an
incidence geometry

there is a unique
line through any

two distinct points .

That is the only line
through P and

->C

Q is PQ .

Thus
,

l = 48 and it is unique .

#



⑧ Let (12) be an incidence geometry .

Let & =1 be a line .

We must show
there exists a point

P-8) that does not
lie on l .

suppose otherwise
.

then every point
PCB lies onl

But then all the
points of &P

would be collinear .

However
,
(8, 2)

is an incidence

plane and
thus by definition

there must
exist three points

that me
noncollinear.

Contradiction .

Thus
,
there must

exist a point
P

where p is not on
e
.



⑨ (Method 1 - proof by contradiction)

Suppose otherwise .

That is , suppose
4 lies un every

line in 2 .

Since (B, 2) is an incidence geometry
A B

there exists
distinct ⑧ ⑧

points A , B ,
C ·

C

that one non-collinear .

~

Suppose PESA , B ,C3 .case I

Without less of generality , assume
PEA .

L->

By assumptUn , PEBC & B
o "But then A = P= BC . Sc
If ·

Then
,
A
,
B , CFBC

contradicting

that they are collinear
.



e2
: Suppose PASA , B ,C .

↳
im : Either PE or

⑮

PRAC , or
Pec .

-

AB , I
AC ,
and Pec .

daim
: We just

have to
rule

-

pf of
where It

E 3

-

out the
case -S

Suppose
Pe and PtAC

and PEBC .

Note that
A
,
PeFB .

Also ,
A
,
PEE' .

But there
is a unique line

through A and P .

-- since

Thus , AB
= Ec .

But then
A ,
B
,
C -B8~ = Ec

which contradicts

that A ,B ,
C are non-collinear kim

By case I and case 2 ,
there has

to be a line that P is not on
.

#



⑨ (Method 2 - Direct proof)

Since (B, 2) is an incidence geometry
A B

there exists
distinct ⑧ ⑧

points A , B ,
C ·

C

that one non-collinear .

1
:

Suppose PESA , B ,C3 .

Without less of generality , assume
PEA .

->I

Let's show that 4 & BC
.

Suppose PEC .

P
= A

o

Then A = PE BC .

If

Then
,
A
,
B , CFBC

contradicting!
that they are collinear

.

-3

Thus we must have PGBC
.

A similar argument
shows that

L if = B , then
PRE .

And ifI
4 = C

,
then PdB



e2
: Suppose PASA , B ,C .

↳
im : Either PE or

⑮

PRAC , or
Pec .

-

AB , I
AC ,
and Pec .

daim
: We just

have to
rule

-

pf of
where It

E 3

-

out the
case -S

Suppose
Pe and PtAC

and PEBC .

Note that
A
,
PeFB .

Also ,
A
,
PEE' .

But there
is a unique line

through A and P .

-- since

Thus , AB
= Ec .

But then
A ,
B
,
C -B8~ = Ec

which contradicts

that A ,B ,
C are non-collinear kim

By case I and case 2 ,
there has

to be a line that P is not on
.

#



⑩ (Method 11

im
contradiction :

suppose given
any

two points
QcRI

we
have

that P
,
G
,
Rare

collinear .

↑Since we
have an

incidence geometry

there must
exist distinct points

A ,B , C
that are

non-collinear .

-

⑲1: Suppose
P = A

. ~
Then , P

,
B
,
C are non-collinear

which
contradicts I 7

our assumption . X- 2
: Suppose PFA .

By assumption ,

P
,
A ,B are

collinear

and hence P
,
A , B -

B . I
By assumption ,

4, A , C
one collinear

and hence P , A ,
EEC .



then
,

4
,
Af A and P

,
At E'c .

-

Since there is a unique
line through any It

two distinct points
We know

AB = AC

E

But then A , B,
C - AB which

contradicts that A , B ,
C are non-collinear .

Both cases lead to
contradictions ,

so we are
done . #



⑩ (Method 2) Let P be some point from

By the def of incidence geometry there exist

points A
,
B
,
C EY where A

,
B
,
C one

non-collinear .

1
:

Suppose P is equal to one of A
,
B
,
or C .

For example , suppose
P=A .

Then set
,
Q=B

and R= C .

We would have then

that P
,
Q , R

one non-collinear .

Same idea works if P = Bo - P = C .

Lace 2
: Suppose PFA ,

PFB
,

and PFC .

-

(i) If P, B , C
are non-collincar *

(et Q = B , R = c)

one
non-collincar *- (set & = A ,

R= C]
or A

,
P, C

or A
,
B , P one

non-collinean = (set
G =

A
,
R = B]

then we one done .

(i) The only case left
is that P

,
B
,
C me collinear

and A
,
P
,
C one collinea , and

A
,
B
,
P are collinear .

We show this can't happen .

Suppose it does .

Since P
, B ,
C are collinear and there

exists a

unique line through any two points we have
P C

-- B
thatS= BC .P⑧



Similarly since A
,
P
,
C me collinea P

C

we have that =⑮C

-- 0 8 7

Thus, BC
= PC = Ac

- -S

But then A
,
B
,
C - BC = Ac

contradicting

that A , B ,
C one

non-collinea .

Thus , (ii)
can't happen .

Thus , by the
above there

exist Q ,
Re 8

where P
,
Q
,
R are non-collinear

.

#



Ata line l
= La through ↳

C0, 1) that
is paralell

too Lo ? The only line

La through (0, 11
is Loo

In this
case ,

(n
= 5(0,y)(y=(R3r[(6 ,

3)(y - 13

= b .

So
,
Lo is paralell

to La

-

case (i) Suppose & = Lm
,
y
gues

through (8,
1) .

-

then , 1
= (m

, 1

= E(x ,z)(y
= mx

+ 13 .

Can be paralell to Lo ?

No .

point 16, saisers
someThis is because

the



So
,
Lm

,
MLF4 and the two lines

one not panulell .
-

Thus by cases (i) and (il we have

that the only line through
P = (0 , 1)

that is paralell to L
is Lo .

#

-

W11(b)
Let & be a line

and P a point not
on d.

We must
find a unique

line m such

that Pem
and i is

paalell to e.

case I-Siegropose e
= 2
.

mewhere P 4 La :

P = C2 ,*Since PELa we

know eFa .

L
C



Note that PE Le

And Lef(a = E(e,y)(y =131[(a,y)(y=1R}

= 4 (since etal

So
,
PEL

e

and Le is mallel to Las

is the only line with
this

We show L
e

property .

he is only vertical
line that 4 lies on

What
about a

non-vertical line
?

Spouse PeLm , s
=

9(xy-mat ca
,
mee

⑧⑳Then
, Hi

.

<

(a ,ma+b)
= (m

,
b)da

and so hi
,

and La mean
tell

.



⑭:

Suppose & = Lm , b and P = (e , f)

where I4Lm ,
b

Lmib

Since PALmis we know f F metb .

ye
Lmb

Consider the line
p =
(e ,t-(m, :

= f(x ,z)(y = mx
+ by
-

where b=f-me .

Men , f
= me+b' and so

P = (e ,f) Lm
,
b' -

Since by f-me and b = 7- me went th'

Thus , LangueLm ,
= ↑ because if

(x ,y) - (m ,

b(m
, n
*

I

then mx +b
= y

= mx + b ,
but b b!

↑ X (x
,y)=Lm

,
b

(x
,y)f(m

, b

So
, Lm

, n
and Lis are paralell .



Thus
,
PELm , s

' We hm
,
b'
is panalell to hm

,
b.

Can there be any other such
lines ?

Any vertical
line La must

intersect hm
,
b

because (a ,math) thaMLm ,
b.

What
about a

non-vertical line
?

In
, q

Suppose PELn,qF Lm ,'
P
= le
, =

Lmib
⑧
fl·points that ⑧

n ~solve y
= nx+ q < ⑧

Then , Since P = (e , 7) t2n
,7 (x ,

mx+b) (x
,nx+q)

⑨
we have f= net q .

If n = m
,

then since In
,
qFLm ,

b'

we must have q Ib

But then q=f-ne=f-me
= b'

.

R

the 97b and q = b.
m
= n

But that gives bo E
So we can't have n = m .

If nEM ,
then by solving nx+ q = y

= mx + b

b - q
· I defined since

We get x=
n - M n =M
- &so n -mo



We then have (x
,
5) = ( (E)

+ q)

lies on both In
,q
and Lm

,
b.

This shows In
,

and Lm
,
by are not penabled .

Why does (* ,5) lie on
both lines ?

Plug it in !

We have

y - (nx + f)
= n( =) + 7

- (n)=) + q) = 0

So
,

= n + q -

So
,
(4
,
5) Ln ,q

:

Also ,

Y - (mx +b)
= n(i) +q - (m( i) + b)
↓(b - 1) - m

-
⑮y

+ q - b
n - m

(n-m
I+ (q - b)

n -m

= (b - q) + (q - b) = 0



So
,
(4
, 5)tLmb-

Thus
, Ln ,qhm ,

n
F P and they men't parallel ,

Therefore, the only line through
P that

is panalell to Lmb is Lm
,
b'

#



⑰(a) !Let P = (0 , 1) .

Note that PtoL
and ohrgh = 4-

So
,
PEoL and oh is paralell

to oh

Note that oh is the only vertical
line that

p lives or .

Can we find
and chelines

that lives

on that one panalell
to sh ?

Suppose P = 10 , 1)
satisfies (x-c+ y =w 2

Men , Co-c
+

= r
.

-

So
,

+
1 = r .

-1Let's conside

20 to start . -------- -
C- r



We need
6 and <+r = 6

so that-16 = 0

For example , pick any C With

0 < < 1
.

r
=

2

Then for such < ,
set

Then
,

c = r*ec

and 0x1
<6 -

and c + r = c +
c

- 1+

= 1 +5
= 2

:
736
-

r
=2 + 1

,and
So
,
if 0ccc1 1 = 4 -

then PEch- and
ch is paalell

to oh



Since there one an infinite number

of a with 0 <<< 1 we get

an infinite
number of lines that

P lies on
that are pardell

to L
.

6

-

# Problem In(al
shows that

not ture
-

the following statement
is
-

by using
P = (0 , 1)

and l = sh ·

"Consider the hyperbolic plane
It= (H1 , (i) .

Let & be a line
in &H and

PEHI .WThen there exists a unique line mand m
is prdell to

" .

where PEM



⑬ Let P = (x , y ,) and
Q = (X2 , ya)

where X
,
FX+ :

xNo2(Xz - x , ) -- -
2W
7 c

,0

ande(x , -2) + Y ,

We will
show that

4 and Q

both lie
on chr

Since r
=1+ y , we know

that (x ,
-cltyi = r

and thus

P = (x , ,3 ,)
lies on chro

Expanding
out (Xicy

= r" we

x ,
2
- 2x,

+ c +y = r which

get
becomes

: = r (A )



Ex-x,
Since = 2(X - xi)

we know

2xx - 2x , = y y +x
-xi

so ,

↑(+ y! = x
- 2xx

+y(**)

Now
sub(*) into

(** ) too get

r c = xi - 2x,
+y

This gives

xi - 2xx
+ c + y = r

So ,
xc - c + y

= r

Thus ,
Q = (xn , yz) also lies 0 ↓



⑭ We must prove that
I = (H11 ,I+)

is an incidence geometry .

We showed in class
that It is an

abstract yeometry .

properties (i)

So we must
now

show

and (ii) of the
incidence geometry

definition .

(i) Let P = (X 1,y ,) and Q
= (x2 ,yu)

be distinct points
from All .

We know from cluss that there
exists a

line & where P and Q lie on
e.

We must
show that

is unique .

Suppose there exist
two lines &

and m that

P and Q both lie on

We will show that in
all cases

we have l
=

m and this

will show there
must be

a unique

line through P and Q .



1
: Suppose I and i one both

cuse

vertical lines . That
is suppose

l = ah and m
= ph .

Since P=(X,Y) and G= (x2 ,42)

both lie on
C
L

p
= (x,ywe know that &
= (x2,718

------
x
,

= a = Xz -

Since P and Q both lie on oh

we know that X , =
b = Xz :

Thus , a
=
b .

So
,
l = a

= y
= m .

-
: Suppose

& is a vertical line

case

and m is a non-vertical
line .

Then ,
l = a) and m

= chr

Remember, we
are assuming

that



P = (x , y,) and G= (x2
,42)

both lie on & and on me

Since P, Q
both lie on

& = ch we know

P = (x ,, y , )
= (a , y , )

and G
= (X- ,Yc)

= (a, yz)-
Since P and & both

- =
r

V

lie un M
=

c r 3>0

we know
that

-
P-cr

(a - c) + y
= r I↳

and (a-cl
+ y = r
=e

Subtracting gives y
- y = = 0 .

So, (y ,

+ yz)(y ,-yz)
= 0

Thus either y , +Y2
= 0 or y , -y2

= 0



Suppose y ,+Y
= 0

.

DeQEH

then , y , =- yz <0 -

But y , 70.H

We can't have both y , 20
and y , 40 -

Thus
,
we can't have y ,

+32= 0

Suppose y ,
- yz

= 0

Then y ,
= Yz .

But then P = (a , y , )
= (a , yz)

= Q
.

But P and Q were distinct .

Thus , we can't
have y ,-72=0 .

Both y ,+y
= 0 and Y : Y

= 0

can't happen

So we now know that
case I

where I is
vertical and mis

non-vertical can't happen

and we one done with this case .



L
: 1 = tr

,

and m=

C2 2

ae both non-vertical .
Lr

,

Since P and Q both lie
on

C

⑭get :

(x ,-c)+ y
=
r ①
I#I(x -c + =

=r

leads to
-Y?= 0

this

If X ,
= x2

then
and using

the
would

by subtracting
we

same
method as

case 2

3 ,
= Y -

and P and
Q

getthem
not be

distinct .
world

we
can

assume X i
FXz :

So

The above becomes

+! = r!

x2 - 2 , x2
+ x + y2 = r, 2



Then D-2 gives

xi - x2 -2 , (x ,
-x) + y

,
- y2 = 0

them ,

c
=

-3+y -xi + x2
-

- 2(x ,
- x2)

And

ri
=N+ y!.

L
-

SizeP anda both n as
"abee

(x ,-c)+ y
=
r
I#(X, - ) + == r 2
I

to yet that



- Y+y -xi + x2 ↓ same as--

c Ci2
- 2(x ,

- x2) W
and

this is the

same as Fi
r
=N+ y!. -ESince ,

=
2

Rus
,
l= r

,

= ar= m .

#


