
Topic 4-FFunctions



Functions

We are going to formally define

functions as sets but
then

after that we won't
reallyUuse that method anymore

-

we will just use
formulas like

usual .



Ex : Consider the function
-

f(x) = x where x ER .

IR raph of f
M ②

(-2,1)
· (2 , 4)V
-is i

W

The graph is

4(x,x2)/xe R)

This graph lives
inside of

IR X#
M&P & co-domain , where

in the range lives



Z
2 S

Ex: f(x, y) = x+ y O,
&

graph lives
in

-

*****
X Y

↓
co-domain

domain



R: Let A and B be sets .

Let f be a
subset of AXB.

We say that
function

from A to B if
this is
- saying

that we

① for every a f A there can plug
a into f

exists be B where I to get b.&
ie f(x) = b

(a ,b) Ef

and vertical

② if (a ,b) Ef
and 1 line

(a ,bz) Ef ,
then bi ba test

If this is the
case then we

write f : At B to mean
that

-> is a function from A
to B



The set A is called the

domain of f -

-

The set B is called
the

co-domain of f.
-

If (a,b) of then

we write f(a)
= b

Themage
off is

there exists af A

wange(f) = [b = B) with +(a) = b 3



Ex: A = E - 1
,
100
,
3
, 53

B = π , - 12 , 1
, t / 17 , 143

+ = E(- 1, - 1), (100 ,
π)
,
(3
,
17), (5 i 1)

P ↑ P

f ( ) = - 1
f((od =H 4 +(i) = - 1

f (3)=17

ure B
A f ·I

- - 12

--- . -~act
1000 · 2↳3-2017· 14



Is f a function from A to B ?

Of is defined on all ofA
② no element of A gets

mapped to more than M
one element of B

Yes, f is a function from A to B
.

domain (f) = A

co-domain (f)
= B

range(f) = [ π ,
- 1
, 17)
-

subset of
co-domain B



Ex: A = E - 1
,
100, 3,53

B = [π , - 12, - 1 ,51 17
, 143

g = 5(100,5), (3, 17) , (5)
- 1)
, (100,

- 12)]
↑ ↑ ↑ ↑

g(100) =π 9(3) = 17 9(5)=19(100) = - 12

re B

1000
-o

12

·
- /I..Jg3 - Q Y2
->

· 17
Y3 &

· (4

① g(-1) is not defined *



② g (100) has two X
values : # & -12

9 is
not a function

from A to B .

-

Let's now use formulas

to define functions

instead of defining

them as subsets

of AxB.



EX : Let A be any non-empty
-

set .

The identityfunction

on A is the
function

in : A -> A

defined as

ix(x) = x
for all xe A .

Sometimes we will just

write i instead of it -

Formally you can
think of

Iix= 2(x ,
x)(x-AY [AxAE↑

(x= x]



#X: A = [1 , 2 , 3 , 43
A A

A ix(l) =
- + (2) = 2
2 -- 2

ix(3) =3O O [3 -- . 3
ix(4) = 4

4.-- 4

:A = R , :R-(R, ip(x) =X
(2 , 27 graph

way
toi &
T
/

Hi, O draw



(R IR
in~

· area=..to
-oth

IR

O
i

I raitexo-X

On .
0

to-eit



#: Let ne , M, 2 . map
is

Define the reduction I another-module n map to be name

- for

Fraction
Tn :#-> In some

where Mn(x) =
* mapping

-

Ex : n = 3
-

2 = 30 ,T, 23

π :E+ Es , π(x)
=

some computations are :

π(0)= πz(- 1) =F = Z

π(l) = T
π3( - 2) == =T



-

=Fπ3(2) = Z πz(- 3) = - 3
-

= π( - 4) == =Iπ3(3) = 3
-

π3(4) = 4 = 1 π( - 5) == =T

π(s) = 5 = I

2

& #3·
Sa
4-

1-.Op- le- zo-·T
- 3 .-
- Yo
- So

V



domain(πz) = 2

co-domain (πz) = &3
range (π3) = [0, T,24 =R



definedfunctions

EX: Suppose you and your friend

Francis want to
define a function

on Ch .

You say "How about this

function ? F : C->C where

f(-) = 2
"

Francis says "I
don't know

about that function.
What

about7/4) = % ? That
1

doesn't seem to make sense.

You say "you're right
. good call .

"

Then you say ,
"Ok I've got



another idea. How about

9 : -Ch where g(5) = a ?

That totally works. For example,

9 (5) = 3 and 9 (2) = 0 .

"

Then Francis says , "Hey wait

a minute
,
g(z) = 3 but g (to) = 6

and E = - .

shouldn't a

agree on those numbers
?"

You say "Oh yeah
you're right .

"

The functionsf and 9

above are not well-defined.



checkthat fiA-B

is well-defined

Check two things :

④ If a f A
,
then f(a) EB

② If some or all
of the

be
elements from A can

expressed in more
than

one way then we must

check that if asa
are

two expressions
of the sameI

then +(a) = f(nz)
Jelement in A (ie a = ach



Ex: Let fiQ-Q where

f(5) = (!) .

Is f well-defined ? Yes
Y
.

roofthat f is well-defined :

④ Let C
.

So , 4,
bEK and b+ O .

Then
,
f() = (3) =↳

We have that a
be-and b 10 (since b + 0) .

So,
&

.

② Suppose : -ER and - = -



Is +(5) = f(z)
d1 :

Since = then by squaring2

both sides we get (E)↳so , f(π) = f(z) ↑
You might ask, why

is this true ?

odi
Recall how we define two

fractions

to be equal :I T =

E IW means Wz = Xy

&



I Suppose +
= z IThen ad = bc .

So
,
(ad) = (b)

iser
well-I Then ,

ad = bc sined)
So, a

& 2

I ↳ T I
fi

From ① and ② above

-> is well-defined.
#



: Let neZ , n, 2 .

Pick atI .

Define fa : In+ In

by fa(X)
= 2 .X

---

He'sdo
someexamplese.

when n = 4
-

z4 Ey
fi f

,
(i) =T:=

one · T
f
,
(i) =T -T =T

-

T-- -g g f (i) =T =2)-

i

--- 2 C-5 -- · 3 f
, (5) =T .5 =3



Ey Ru

Or-> fel) = E := ==

T · T f2(i) =z -T =I-g
fz

↑U-x. f(z) =2 .= =4Z
-

5

:
· 3

=
T

f2(3) ==3=

zu Ey -

= j
ta M

fs() = 3

5.- ·T

· Tg y:-I -- . 2

I

- --
-3



Ey 2

J

,

5 :

-T-g · I-
T

-

· 3

-

Therem: Let nez ,
n
,
2

.

ILet a E K
.

Let fa:Rnt InEbe given by fa(X) = - · x.

Then fa is well-defined .

:
④ Let n

where xER .



Since X
,
a EK we

Know axEK
.

Thus
,

falX) = a :x =T En .

② Le + X , 5 E En where
T =5 .

②Then , since X = Y

↓

fa(x) = . = = .T = fall .
A
I

when we talked
about

well-defined operations
we proved thatEif 5 == and
then bod = T : =



Lef: Let A and B be sets
.

Let f : A-B be a function .

We say that f is injective
-

Or one-to-one if the
-

following is true :

For all a acEA ,-if aF 92 , then f(a)Ff(az)
&

A B

F2 f f(a , ) = f(az)
Y bu a- &

-O OCannot- (Ihave
this



Another way to define :

For all a AzEA,Cif +(a) = f(az) , then a a
Howto prove fiAtB

is one-to-one

Let aazt
A .

Suppose +(a)
= f(ac)[· (proof stufi

Conclude a
= 92



Ex: Let filR-IR be

defined by f(x) =
- 4x+5

Let's prove f is one-to-one
.

Af: Suppose XxXzER

and f(x)
= f(xz) .

Then , -4x ,
+ 5 =

- 4x2 + 5 /

- S

Thus , -4X ,
= - 4X2 .

So
,
X ,
= X2 .

adx(- 4)
Thus

,
f is one-to-one

⑭



Howto show fiA-B is not

one-to-one
-↳Find Specific X, XzEAwhere X , F X2

bu + f(x) = f(xz)

: Let ne , n7, 2.

DefineE: Enter
imif is

well-defined .

ofclaim :



① Given En where xe

We have that

f(x) = x= x
.x ==2.

Since XEI we know

x-2 .

Thus , f(x) =F
*-In

② Suppose F,LE In
and

-

x = X2 .

Then,

-

= xi = f(πz)f(π) = xp
mult

,
is well-defined
in n ,

if a= IWand 5 =A, then
-

b=TT =F
and = ===F2↳
-



#n = 2
,
f(x) = x3

#2
E2

-g
f

O
f is

-

T

.
. I

↳1 - I
-



Ex: n = 3 , f(x) =x2

#3 R
3

--- - j

-

i- & Ig Ozi
-

· Z

W f
,
is notf(z) =4 =T E

#F=Th



Claim : Let f : In+ En
-

given by f(x)
= X ?EIf n > 2

,
then f is

not one-to-one .

Profclaim
:

Note first that
since n > 2

that TFFI
We know

Suppose T =F .

Then , I -1 (modn).

Thus , n((( - ( 1)17Fe
, n/2 .

Thus , n
= 11

,
= 2

.

can't happen since n >
2



Thus
,
TFFI

,
however

f (i) =T= T and

f(t) =F
2

=T
.

So
,
f is not 1-1 if > 2

.

- ⑭



Ref: Let A and B be

sets. Let f
: A- B .

Let C be the range
of f

.

thatf istive
We say

or oto B if C
= B

.

B
A

C

O
f O8 +
-> if

Another way to say :
--

f is unto B if for every

be B
,
there exists

atA

with f(a)= b .



f

Oneodetice-me
Ex : Let
-

by +(x)
= - 4x + 5 .

Let's show that f
is onto IR

.

Proof: IR IR

f bu+ be . O G? .

We must



find aeIR , Work
where f(a) = b

. f(a) = b

Let a=. Frats=3)
Note a EIR and e
f(a) = f() = - 4(b) + 5

= (b - 5) + 5 = b .

Thus , f is onto
R .

-
-

#owtoshow fiA-B
is at into

Find some be B where
is ne

a + A with f(a) = b-



Ex: f : <-> NUE0}

f(x) = x2

·->3.



onto:

proof : Let b = 1 .

-

Then
,

be NUE0] .

But is no a t I with

f(a) = 2 .

Why ?

If so
,

then a
= 2 .

Then, a =
I #R.

Thus , f is
not onto

because2 range
(f) .

-



Ref: Let A and B be

sets and fiA
+ B .

We say that
f is a

bijection if f
is one-to-one

-

and onto B .

-

Ex :
-

B
A

I .

f
1-1 V

zo-> 4 T onto v--> Wg OE ↑

-> f is a

Y : *
Z bijection



A f
1 . os 1- V
zo

-
· 6 unto BX-g j f is

3. · I

- · 7
·S not

bijection

-

B
A

1 .-
· I

1 - 1 *

-- unto B Vzu- · 3O j3 . 14 f is not
-

a bijection
Yes·



#: (from Homework)

Given a fE ,
define

9a : En
+ En by 9a(π) =x +a

=

· . 26 + 26, 9s(X)
= X&
-

+SEx :
&

#6
26
To · T

i-- · (-
zo

-

-

.
-

.

=& O 3I g g Ii -
-

·

-

-45
5 .

9s(0) = 0 +S = 5

-

=) = 5 +2
=E

9s(i) = T +5 =5=



In the HW you show ga is

Well-defined.

aim: Given a EK,
the

Efunction 9a : En-> In given

by 9a(x) = X + a
is a bijection

proof :
-

Cone-to-one l

suppose 9a(1) = 9a(2) where

-
., FzE En

Then,x,t-Ez TataI
Thus, X, + 8 = X2+O .

So
,

=Fe



Thus
, ga

is one-to-one .

Conto)

Let jekn Engwhere y EK .

Then,
-

y - a -En

because y - a -
E

.

And ,

9a(7a) = a +a

-

= y - a + a

=I
So , ga is onto . #-
-



#ef: Let A , B, E be
sets.

Let f
: A - B and g : B -

C
.

Define the
composition

of
--

f and g to be the

function (gof) : A - C

by (gof)(a) = g(f(a)
A B C

a
f f(a) 9 g(f(a))
---- ↓O O g-

9of



Ex : A = &1 , 2 , 3 , 43
-

B = EE , 0 , 5)π , Ky

c = 21729 , 57

A f ·
B

I :-
· O

=
-g ↳· Y3 .

->.
-

·

VW
B

t
9 C

.
x . 1729O O- & E--
E



A B
L

f · 9
I : --

· O->
1729

=
-g ↳ g-se S3 .

->.-W-·

V

A (got)(I) = g(f(l)
got C

= g(0)
le
- 1729

= 1729
2 :-
-O OT3 :- (gof)(2) =g(f(z)

4
--° = g(z)

= 1729

Ne: gofisontoboa



#: (Hammock 12 . 4 #9)

Define f :Ex+ where

f(m ,n) = m
+ N

and 9 : 2 ->* X*
where

g(x) = (x , x)

(m ,
p.

th-O



2 # x 2

Y ! *WO 9

O- !3 ,3

J- sof
Find formulas

for fog and

# #+2 E

--O
9

G⑪)
u

-og



fog : [ -> #

(fog)(x) = f(g(x)
= f(x ,x) = x + x

= 2x

so
,
(fog)(x) = 2x
-

# x# 2 ExX -

m +n(m+ 1,me(m-O
f

O
9

gO

w
gof

gof : Exe -
Ex

(gof)(m , n) = g(f(M ,
n))



= g(m + n)

= (m + n , m + h)

So
, (guf)(m ,n) = (m + 1 , m + n)
-

on:

Eso
Claim : gis I-
-

Pf : Suppose g(x1)
= g(xz) E-

where Xi ,X2tX . &9 xEThen , (x , Xi) = (xe ,Xz)So
,
X ,
= X2 .

#



claim : g is not
onto.

.

-

#: Let (1 ,2) E Ex
.

There is no XE
* with

g(x) = (x , x)
= (1
,
2)

.

Ex
&UX (x,x)--O

9

O.
(1
,
2)

So, (1 , 2) H range (y)

So
, y is not

onto.



Recall that

fix1-I where f(m , n)
= m + n .

Question : Is f onto ? I-?
Clamif is on

to

#x 2
-

proof :--

O Y Y
Then

,
(0,) -ExE ( 1

Let y-R -

O f

g·-[and flo ,y) = O + Y (3 ,2) E
= Y . -·

15,
# U



Claimif is not 1-1

TPr: f(3, 2) = 5 = f(5,0)but (3
,
2) +(5, 0) .

See picture above
.

#-
=
Therem : Let A ,B , C

be sets

and f : A + B and g : B
+ C .

④ If f and g
are
both onto,

then got is onto

② Iff and g are
both 1-1 ,

then gof is 1-1.



③ If f andI are both

bijections (1-1 and ontol,

then got is a bijection
.

of:

① Supposef
anda are

both onto
.

Note gof : A-
C

.

C

A B

X y = f(x) z =g(y)O
f

O
9

g----> C

w
gof



Let z - C .

Since g is
onto

C, there exists

Y - B
where g(y)

= z
.

there
exists

Sincef is outo B

XEA where
f(x) = y .

Then (gof)(x) = g(f(x)
= g(y) = z .

So
, gof is onto

[because
there exists X-A

with

190 + )(x) = z]

② Suppose f anda are

both 1-1 .



Suppose (gof)(x) = (gof)(x2)
where x , X 2 E A .

Then, g(f(x ,)) = g(f(x2))
.

Since g is
1-1 and

g(f(x , ) = g(f(x2)) ,

this implies that f(x)
= f(x)

.

Sincef is H and

f(x, = f(x) this

implies that X ,
= Xz -

so , (gof)(x,) = (gof)
(x2) .

implies that
X ,
= Xz

Thus , got is 1-1
.



③ Supposef andg are

both bijections (1-
and ontol .

By 1
,
this implies

that

got will
be onto .

By 2 , this
implies that

got will be 1-1 .

So
,
got is

a bijection.

-
-

wetalk aboutinverse functions.



Ex : Consider the following
-

function f . B

A

(④

- ·
E

2 .g
f

II
3 & ↑
->

& IL
C = rangelf)- I

↑

O& I 729

S
f is one-to-one .

So we can create
f : C
-> A

by reversing
the arrows

f- will be well-defined
since f

is 1 - 1 and so each element

of C only has one arrow
to reverse

.



C A

f-
..-

· I

· 2O O-T- . 3
17290

domain (f)
= C = rangelf)

range (f)
= A = domain (f)

What is f of ?
--

B
A

A
· 7

·
"2 flf

· T :O ① O..-
-->-

· 3
2:

·



A fof
A

I
1 .
-

2O O.-
O

-so 3
3 .

(f' f)(v = f (f(l)
= f (k = 1

(f'f(2) = f (f(2))
= f(1729) = 2

(f of)(3)
= f (f(3)) = f " (M) = 3

Thus
,
f of = in It isA



↳i sa
C

f (e1729:



We see that

(fof(z) = z = ic
(z)

for all zEC .

-name

Ref : Let A
and B be sets

Let t :
A-B be a one-to-one

frection.
Let C = range (f) .

function
Define the

inverse
-

fi -> A
N to be

such that
f(z) = X

where f(x)
= z .



A
C

* zO f OoSo

f- O-
No is well-defined-if
becausef is one-to-one .

and only one↳There is one

arrow to reverse for
each

z in d.



-

Let A , B be sets
.Theorem :

Let fiA-B be a one-to-one

function. Let C
= range (f) .

Let f": C
-> A be the inverse

A B

of f .
Then : f

L

-->OfO⑥-
① domain (f) = rangelf)

= C

④range (f)
= domain (f)

= A

In particular, f is
outo A.

③ f is one-to-one

④ If of) (a) = a
for all a + A .

So
,
f of = NA



A

O ④ fina-f+ gC --> q

-
in = f "of

④ (fof") (c) = > for all ceC .

L A B

C

C:

-x

+
- OO

f
- !

O OO

d fO-
f of ic

⑥ If g : C
+ A and gof=A

then g =f. [OnEcct= f t)



Prof:

① By det of
f "we have

domain (f")
= C = range (f) .

② Let's show that range
(f- = A .

L A

By det
of f f-

a
C

We know -- ⑳0
.

Orangelf) EA . -

Why is A Crangelf) .

Let at A .

Let c = f(a)

And, f (c)
= a by def

of f

So
,
a Grange

(f) .

Thus , A f range (f)

Therefore, =range (f) .



③ Let's show that f" is

one-to-one .

Suppose f(x)
= f (c)

Where c,
EC

.

We need to show that c=

Let a = f (c) = f (c) .

Since a = f - (c) we know

that f(a)
= c ,.

Since a = f -( < 2)
we
know

that f(a)
= C2 .

So
, c

= f(a) = Cz .

Thus
,
f is one-to-one .



④ Let's show that -of =A
Let af A .

Set c = f(a) .

So
,

-- (c) = a by def off
"

Then ,

If " of)(a) = f )f(all
= f (c)

= A

= ix(a)

Thus , (f-of) (a) = i p (a)

for all a +A .

So
,
f of = I A



⑤ Let's show that

Ifof") (c) = c for
all <eC .

Let ceC .

Then , - (c)
= a where afA

and f(a)
= C

.

Thus ,

(fof")(c) = f(f " (c)

= f(a)
=
C

= ig(d)



⑨ Let 9 : C - A where gof = iA

We want to show that g=f!
So we must show that

g(c) = f (c) for
all <zC .

Let c - 2 .

Then , f () = a where

atA and f(a) = c .

Then,

g(c) = g(f(a)) = (gof)(a)
assumption = A(a)-

= a
gof = IA

- f -(c)

Thus, g = f" . ⑭



#: Let f : Exe - Exe

be given by f(m ,n)
= (M + 1 ,

m+2n

2x
#x2

14,5) - (9, 14)

100. ]O
f

-2, 1)
--o-

(m ,no
. (m+n, ten

- L

f(4 ,5) = (4 + 5, 4+
2 .5) = (9, 14)

f( 2, 1)
= (2 + 1, - 2 + 2 . ) = (

- 1
,
0)



fis one-to-one

croof :
I
->

Suppose f(m , n . )
= f(M2 , 12)

where (M ., hi) , (M2 ,
N2) EX2.

We need to show
that (m,h . ) = M2

,2) .

Since f(m, n , ) =
f(mc , 2) We

know

that (M ,
+ ,

M
,
+ 201) = (Mz+ Ma , Mu

+ 2nz).

--

Mit = M2The
QmM , + 2n ,

= M2 +2nz



Calculating & -O we get

that n ,
= R2 -

Thus we get
= M

,
+ n ,

= Mc + M2
m ,
+ 12

+ IIequ QI I
Subtract Mc from both

sides to get M ,
= M2 -

Thus
,
(M
,
ni) = (M2 , M2).

Thus
,
f is one-to-one .

--



fis onto

Let (a, b) EXE .

We must
find (M

,
n)EEX*

where f(m ,
n) = (a, b)

#x# Ex

(M>M (a , b)OfOO
O

That is , we
need to solve

(m + n , m +
2 n) = (a ,b) .
m
f(M ,

n)

So we need to solve



m + n = alW
O

m + 2n =b

for m and n
.

Calculating &
-Q you get

that n = b-a .

Then ,
a- n

= a
- (b - a) = 2a

- b.
.

m =

↑ ↑
n = b -

aQ↳

So
,
set (m , n)

= (2a - b, b - a) .

-
this is in

Ex

because a,
beE .

And we have
that

f(m, n) = f(za
- b
,

b - a)



= (2a -b + b - a , za - b + 2(b -a)

= (a, b)

Thus , f is
onto

.

zx2
#x4

f (a , b)O O(a-bb o

L ↑

-Claim
2 1 -



From above we have that

f is 1-1 .

Thus
,
f exists.

And

domain (f)
= range (f) jEX E

Onto

im3/Le+ 9 : Exx
+ 2xz

be defined by#g(a,b) = (2a - b , b - a) .

Then, g=ft !

-Let's use thm from last time :

fiAtB
,
f is 1-1 , C= range(f) I



#g
: C-> A and gof =A I

then g = f-1

ofclaim 3 : We have

(gof)(m , n) = g(f(m,
all

= g(m + n ,
m +2n)

= (2(m+ n) - (m+ 2n)g(m
+ (4) - (m+n)

= (m , n)

= iexq(m ,
n)

.

Since gof=XI We

have g=f in



Hef: Let A and B be

sets. Let
f : A- B .

① Let
EA .

Menageof redeiis
B

A
# f)

O f ⑧O f(x)-- .

② Let IEB .

The verse image of I under
f
°



is the set

f (I) = [aeA(f(u)el)
A

B

f-(I) #

O O--flaO
f OG

⑱@

Note: We use f "notation ,
but it

-

doesn't necessarily mean
inverse

not
function because ->

" might exist
-



#: Consider the following function.

A B
f f(x) = 7

1 .

-
· g f(z) = 12

3 .

-7z :

f f(3) = 7

· 10 f(y) = 13-g O [-
· Il + (s) = I->. 12

:- f(6) = 12
ol3

[&2 , 3, 5 , 67

Then,

f(E) = ( + (2) , f(3) , f(s) , f(6)



in



Le + # = 2 7
,
8
,
10
, 113

The (E) = 41 , 3 , 5)

G-ol3



ExHW4 problem modified

Let f : RR-RR
where f(x) = x2 4

(a) Calculate
f([0 , 1)

- f(x) = x- 4

< WofO·
&

f) (0 , D) = E 4 ,
-3)



(b) Calculate f -([o, 1)
M

&
taxy

·-⑳·
- is -2

O

↳

f-(20 , B) = [ r,-z]V(2, v5)



#HW 4

where π(X) =*
π : E- # G

6
G

a picture
of TG

(a) Draw

I

*
G

-



(b) Let * = E 1
,
3
,
5
,
10
, 1023

Then,

πb(E) = 2π6(l) ,π6(3) , πs( S) , π6(10) ,
π6(luz)

= E T,5, =S,To , Toz]

= T
,
5
, T , 5 ,8 to

- 42

= 50 , i , 5,43 T

(c) Le + # = E T 3. .

Let's calculateπ5' (E) .

Let's take a look at
the picture .



#p- ·
T

->

-->hie
↳



Note : - 5, 1 ,7 πj(e)
-

And ,
- 5 = 6(- 1) + 1

1 = 6(0) + 1

7 = 6(1) + 1

Also, 13 Eπ5'(E) and

13 = 6(2) + 1
.

Claim: 45'(I) = 26k
+ 1/keZ)

Proof:

(2) : Let x π(I)
.



-6

Thus , Mb(x) =T ..
So
, π6(X)e I

LSo
,
x = T in 6 .

Then, X = 1 (Mod6).

Thus
,
6/(x- 1) .

Hence , X-1
= 61 where 1-X .

Therefore, x = 61
+ 1

.

Thus
, x- [6k+ 1(keR3

Hence, πj(π)[26k+ 1(keR)

(2) : Let y EE6k+ /kez)



So, y
= 61 + 1 where IEE

.

Then,

πg(y) = j =↳+

= Je +T & ino=Fl +T &G

=T

So
,
Tbly) +E. #6

YThus, y e +j (E) . .Therefore, [O
26k+ 1(k=By(πj(t) .
By (2) and (2) , +(E) =E6 R+ /kee)



Theorem : Let A , B ,
W
,
Z be

-i
sets where WEA

and ZEA .

Let fi A-B .

A u
z
f

8 O
B

g
-

O
Then :

Of(wuz) = f(w)uf(z)]
④ f(wnz) = f(w)nf(z)

Hammock
12, 6

③ Give an
example to show I#7, 8that f(wnz)

= f(wInf(z)
is not always true

④ If WIZ , then f(w) [f(z)



croof : Let's prove , then Q# then

② We want to
show

f(wnz) (f(w)nf(z) .

Let bef(wnz) .

B
A

W

f(wnz)

G f ↳Ikkz O-- ·OEgO
Then there exists a fWZ

where f(a) = b .



Since a fWRE we know

atW and at Z .

Since aeW and f(a)
= b

we know bef(W)

Since a - Z and f(a) = b

we know bef(z) .

Thus , b + f(w) f(z) .

Hence
, f(Wnz) If(w) f(z) .

-

③ Let's give an example

to show that

f(wnz) = f(w)1f(z)
is not always true ,



Consider the following :

B
A

f(wrz)

( /<m

I-O~

Q.-
z① (O"Hf(w) = f(z)= f(w)nf(z)

In this example,

f(wnz) = 243+ 24 , 53
= f(w)1f(z)



① We want to show that

f(wvz) = f(w)Vf(z)

(2) : Let y + f(wvz) .

A B

f(wuz)
f Y
-- ①O OEure G-

E

Then there exists XEWVz

where f(x) = y-

Since XEWUZ we know

X-W or XEZ.



case l : Suppose x EW .

-

Then since XEW and f(x) =y

We know yef(W)
B

A

- :O
f Of(w)-E E

~

oZ

Case 2 : Suppose X
-> Z .

--

Then sinceX-Z
and f(x) = y

we know yef(z) .

B
A

W Of(z)W f↳O--zO
↳



So either YEf(w) or yef(z)
from the two cases above.

Thuss y - f(w) Vf(z) .

M. Le+ bef(w) Vf(z) .

Then
,

be f(w) or
bef(z) .

casel : Suppose bef(w) .

-

Then there
exists at

W

where f(a)
= b

&

B

A -f(w)
C- · b-

f OU ↳Oz f(wvz)



But atWIWUZ .

So
,

aEWUZ and f(a) = b .

Thus , bef(wuz) .

CUSE 2 : Suppose bef(z)
.

-

Then there
exists a f Z

where f(al= b .

B

f(z)f(wvz)- #O Of ·
bO

a G-

But a - Z <WUZ ,

So
,
a -WVz and f(a) = b .

Thus , bef(wVz) .



Therefore , in either case
I or

case 2 we get b - f(wvz) .

This
,
f(w) Vf(z) < f(wvz) .

By , (1)
and (I) we get

#(wuz)= f(w)u f (z) .

④ Suppose WEZ. A

Let ye f(w) ,

Then
,
there exists

XEw with

and xEW

⑧f(x) = y .

Since WCZ



We know that XEZ .

Since xEZ and f(x) = y

we know that yef(z) .

We have shown that
f(w) [f(z) .

↳
-



Key :Recall : ->
-

Xe f " (w)Wfi A -> B means

WEB #
- W

f "(w) = 2xeA)f(x)eW)
B

A

W

f f(x)O①O



The m: Let A , B be sets.

Let f : A - B .

Let WEB
and Z = B .

A f ④O :--> z

Then :

Of "(wnz) = f
(w)rf (z)

② f (wuz)
= f (w(vf"(z)

③ A- f " (w) = f " (B - w)

④ If WEZ , then F'(W)
[f'(z)



Proofi
① Let's show that

f -(wnz) = f - (w)nf " (z) .

:
Let a -f"(W1z).

B
A

-- (WHz) ⑭ z
'·O O--&Ni

Then, f(a)-> W1Z .

So
,
fla)EW and f(a)EZ .



Thus
,
a<f (w) and a +f"(z)

.

Therefore
,
a f "(w) 1 f

" (z)
.

:
Le + x+f (w)rf

(z) .

Then, x -f "(W)
and xef" (z).

So
,
f(x)-W and f(x) = Z

This
,
f(x) -WME .

So
,

X Ef"(wez) .

By (1) and (2) we get
- "(wez) = f " (w)l f (2) .



Let'sshow that

f"(Wuz) = f " (N)Vf
"

(z)

:
Let aff"(WVz) .

B
A

f -(WUz)·TO
So
,
f(a) EWUZ .



Thus , fla)tW or f(a)tZ
.

Hence, aff"(w)
or a ff"(z) .

Ergo ,
aff'(WIVf"(z) .

Thus
,

f 'INVz) If "(w)
Vf (z) .

:
Le+ x = f " (w)Vf (z) .

Then , Xef"(w)
or f "(z) .

So
,
f(x) -W

or
f(x)tZ .

Hence ,
f(x)EWUZ .

This ,
Xef"(WVZ1 .

Hence , f (W) Uf"(z)
If"(wrt)



By (1) and (2) we
have

that f"(Wuz)
= f " (w)Vf (z) .

Ift version of & :

T
aff"(Wuz)

iff f(a)tWVZ
iff f(alEW or f(altZ

iff aff- (w) or
aff"(z)

iff a + f "(w)Vf
"

(z)

Thus , f (WVz)
= f (w)Vf - (z) I
-



③ Let's show that

A - f (w) = f " (B -W)

We have that
a =A-f"(W)

iff a - A and aff"(w)
- - B

f(a)
A-

W
f -(w)L LC ↓--
iff f(a)tB and f(a) &W .

iff f(a) EB-W .

Thus , A - f'IW) = f" (B-W).



④ Suppose that WEZ .

Let's prove that -(w)
If "(z)

.

Let aff" (w) .

f "(W)

A

:->[&
Then

,
flaIEW .

Since flalfW
and NEZ , we

Know that
f(a)EZ .

Thus
,
aff"(z) .

Hence, f (W) = f "(z) .
E/III--


