
Topic 3-

↳Well-definedOperations



inedoperations

Let's say your friend
says

"Let's make
a new

operation

On the
rationals Ch !

"

And you say
"Yeah we

should !
"

They say "What
about this one !

19

= =
new operation
symbol

You say "Ok let's do some

calculations with this

great new operation"



-

> I= 5 =E = =

12

- = &E you're
like

I E F "thats

=is
I

[not good"
2 + 20 22

Z
zo
I

<

4
④ 50 To

= 54
= I

not

1 1 I equal
E E = s You're like

"that's really
not good"

This is an example of ne

operation that is n well-defined.



: Let S be a set . An

operationon
S is defined

if the following are true :

Sis

① For every X
, YES we & "Closed"have that x *YES

under
④

② If some or all of the
elements

of S can be expressed in
then

more
than one way,

we must show the
following :

For every a ,
b
,
c
,
dES ,

if a = b and c = d -

then aQC = bod .

-



Let's define two operations
equivalence

on the set M - classes↳module R
Given X , - En

Define

x + y = F+ y

X . T = Fil



#: Let n = 4 .

o = [x/XER , x =
0 (mod 473

= E... - 12 ,-8 ,-4 , 0,
4
,
8
,
12 , . 1.7

i = Ex/x - 2 , x =
)(mon4))

= ....
F
,
- 3
,
1
,
5
,
9, ...7

= = ... , 10 - 6 , -2 , 2 ,
6
,
10,}

5 = E ..., - 5 , 1 ,
3
,
7
,
11, 123

↳T,E, T



Example computations in :

3==+ 3 =5 =
T

II II 4To+ F =
ot == =T

- 3 = ) (mod4)
T . z = T =Z↳
I I

- super-duper
eq. rel . thin5 . T - 46= 54 = 2L

&



Theorem : Let ne , n7, 2 .

-

The following operations are

well-defined on En .

Given as5 E En
define

a + 5 = Ttb

- - 5 = Tb

Let's check the two
I I
conditions to

be well-defined.

-Given
a
,
5 - In

condition

with a,
bel

,

then

a +be
and a - b EX .

So ,
atbe In and ab ERn



condition: Suppose

a
,
b
, c ,
de I and

a =5 and T =A in Kn

We must show
that

a +5 =c +d

anda .b = c ...

Since a == and 5 == , by

the super-duper
equivalence
have

class theorem we

a= c(mod
n) and

bed (modn) .



Thus
, n)(a-c) and n)(b-d) .

So , a-c
= nk and b-d = nl

where k ,
IEE.

Then ,

(a +b) - (c + d)
= (a - c) + (b - d)

=
nk + nl

= n(R+ l) .

Since RAREK
this gives

n([(a +b) - ( +d).

Thus
, (a + b)

= (< + d) (mod nT)
d

Hence
-

=Td= +dC
a + 5 = a +

b
-&
def of t



b
Also , -

ab- ad = a(d + ne)

- (aunk) d
-
C

= ad + n(al)
-

ad + n(ka)

= n(al + ma)
-②°
al + kae

since a,
l
,
ke

.

So
,
n)(ab-cd) .

Thus , abEcd
(mod n )
-

I
Hencea :T = ab =Td= .

c
.

-&
def of I



Ex: CHU problem modified)

In Ex = 20 , 5 ,2 ,
5
,
4
,
5
,63 ,

calculate 73 , and
5 .2 +T + 2 .4 ·5

&

and T4SS' :

Reduce our answer
to X where

0 <X 16. .

---

-

-T473 - 3

Fili5 .2 +T +2 . 4 .J
-
03

= To +T + 5 .6 T = O
--

T 8 = 1 3

= 5 + T + 4.E I
-

C



= 4 + T

- To =-

Another way
:

Es5

.= + T
+ E .4 . E

= To + T +
48 ⑤
e--
-

- 59 = 3
-

Another example
in & 7

T45s"(6) 71
- [I #s

Eife ( := =


