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Let A , B be sets
.Theorem :

Let fiA-B be a one-to-one

function. Let C
= range (f) .

Let f": C
-> A be the inverse

A B

of f .
Then : f

L

-->OfO⑥-
① domain (f) = rangelf)

= C

④range (f)
= domain (f)

= A

In particular, f is
outo A.

③ f is one-to-one

④ If of) (a) = a
for all a + A .

So
,
f of = NA



A

O ④ fina-f+ gC --> q

-
in = f "of

④ (fof") (c) = > for all ceC .

L A B

C

C:
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- O

f
- !

O

d fOO O O-
f of ic

⑥ If g : C
+ A and gof=A

then g =f. [OnEcct= f t)



Prof:

① By det of
f "we have

domain (f")
= C = range (f) .

② Let's show that range
(f- = A .

L A

By det
of f f-

a
C

We know -- ⑳0
.

Orangelf) EA . -

Why is A Crangelf) .

Let at A .

Let c = f(a)

And, f (c)
= a by def

of f

So
,
a Grange

(f) .

Thus , A f range (f)

Therefore, =range (f) .



③ Let's show that f" is

one-to-one .

Suppose f(x)
= f (c)

Where c,
EC

.

We need to show that c=

Let a = f (c) = f (c) .

Since a = f - (c) we know

that f(a)
= c ,.

Since a = f -( < 2)
we
know

that f(a)
= C2 .

So
, c

= f(a) = Cz .

Thus
,
f is one-to-one .



④ Let's show that -of =A
Let af A .

Set c = f(a) .

So
,

-- (c) = a by def off
"

Then ,

If " of)(a) = f )f(all
= f (c)

= A

= ix(a)

Thus , (f-of) (a) = i p (a)

for all a +A .

So
,
f of = I A



⑤ Let's show that

Ifof") (c) = c for
all <eC .

Let ceC .

Then , - (c)
= a where afA

and f(a)
= C

.

Thus ,

(fof")(c) = f(f " (c)

= f(a)
=
C

= ig(d)



⑨ Let 9 : C - A where gof = iA

We want to show that g=f!
So we must show that

g(c) = f (c) for
all <zC .

Let c - 2 .

Then , f () = a where

atA and f(a) = c .

Then,

g(c) = g(f(a)) = (gof)(a)
assumption = A(a)-

= a
gof = IA

- f -(c)

Thus, g = f" . ⑭



#: Let f : Exe - Exe

be given by f(m ,n)
= (M + 1 ,

m+2n

2x
#x2

14,5) - (9, 14)

100. ]O
f

-2, 1)
--o-

(m ,no
. (m+n, ten

- L

f(4 ,5) = (4 + 5, 4+
2 .5) = (9, 14)

f( 2, 1)
= (2 + 1, - 2 + 2 . ) = (

- 1
,
0)



fis one-to-one

croof :
I
->

Suppose f(m , n . )
= f(M2 , 12)

where (M ., hi) , (M2 ,
N2) EX2.

We need to show
that (m,h . ) = M2

,2) .

Since f(m, n , ) =
f(mc , 2) We

know

that (M ,
+ ,

M
,
+ 201) = (Mz+ Ma , Mu

+ 2nz).

--

Mit = M2The
QmM , + 2n ,

= M2 +2nz



Calculating & -O we get

that n ,
= R2 -

Thus we get
= M

,
+ n ,

= Mc + M2
m ,
+ 12

+ IIequ QI I
Subtract Mc from both

sides to get M ,
= M2 -

Thus
,
(M
,
ni) = (M2 , M2).

Thus
,
f is one-to-one .

--



fis onto

Let (a, b) EXE .

We must
find (M

,
n)EEX*

where f(m ,
n) = (a, b)

#x# Ex

(M>M (a , b)OfOO
O

That is , we
need to solve

(m + n , m +
2 n) = (a ,b) .
m
f(M ,

n)

So we need to solve



m + n = alW
O

m + 2n =b

for m and n
.

Calculating &
-Q you get

that n = b-a .

Then ,
a- n

= a
- (b - a) = 2a

- b.
.

m =

↑ ↑
n = b -

aQ↳

So
,
set (m , n)

= (2a - b, b - a) .

-
this is in

Ex

because a,
beE .

And we have
that

f(m, n) = f(za
- b
,

b - a)



= (2a -b + b - a , za - b + 2(b -a)

= (a, b)

Thus , f is
onto

.

zx2
#x4

f (a , b)O O(a-bb o

L ↑

-Claim
2 1 -


