
÷:



A -- fi :) Eli : ) ⇐

We want to see if I
'

is in the

column space of A .
So we want to

see if we can solve

Ho4ltC*)¥ limof of A
for some scalars

Xi , Xz .

Notice that we can
rewrite this equation

as

x
x

(Totti thx: )

( iii. fix .

which is equivalent
to ×

which is equivalent
to ( i :/ - ( I -361 (

x : ) 9

We have turned
the problem into a guest

of : can we solve the
above I -- Atx

equation .



Let's see if we can solve it . PIL
HEI

-

H Islip
±¥l'oil :D
Now we try to solve

:

*t"¥⇒I¥÷J⇒x¥i
So we care solve (t) and we get

Eliott
so, I

'

is in
the column

space

of A because it can
be written

as a linear
combination of the

columns of A .

✓



④ A- =/ ! I ;) I' =L q
We want to see if I

'

is in the

column space of A .
So we want to

see if we can solve

HtHHt*ltH As

for some scalars Xi , Xz , X3
.

We can rewrite this equation
as

tIH¥i
.
.lt HIEI. )

is equivalent to

mii.ir.
s
)

which is
equivalent to

rite. N¥.)
"

an
:::÷:¥n:*:



Let's see if its solvable pg

iii. it:i'it:÷.

"

I. It
"" I Its't

in

:÷÷÷÷÷
There are no

solutions to
this system

since we
have

0=3 .

Thus , there
are

no
solutions

to CH )

on the previous page
and

It is not in
the column space

of A .



④ A -- ( I ? ! ) Ey! ) %L

We solve in the
same way

as I Cal & ( Cbl .

Can we solveiifH
for Xi ,Xz ,

Xs ?

This equation
becomes

¥IH¥i¥¥¥¥,
which is

equivalent to

ii.Htt 's
Let's try to solve

this system .



E: it:÷: ¥ . ⇐

'

et i

:
"

i.
'est

" ""

l
'et

too
-

I
'

"



So
, yes I

'

is in the column PLL
space of A and ( t ) becomes

E.fi/=tlttsfIlttll)L
=



④ A- ( { II -I) &
(i) We find a basis for the

nullspace .

Recall

that the nullspace
of A is all the

solutions to
AI that is the

solutions to

i÷¥N¥sH :L
which is equivalent

to solving

pin :*:
':*:H: )

7- x ,

-6×21-2×3

which is the system

X ,

- Xz t
3×3=0

Sx ,
-4×2-4×3=0

7- x ,

-6×2+2×3=0



Solving we have pgI

1¥:# Kotani:c: it :L
- fo

- t -tf ! )
O O O

"

*÷i÷:⇒¥÷÷÷÷÷
So the null space

of A is

mn
If"¥HAh¥.to'S

non TEA = { (
'II ) It is in IR}=



={ tf://t.in R}
= span ( { ( Yg ) ) )
So
, ( Yg ) spans the

null space of A .

This vector is tin .

ind .

since it

c. 1¥14 : ) then ( l H ! )
*

and so
c
,
= 0 (by the bottom equation]

Thus
,
a basis

for the null space

is(Y
(ii ) the nullity

of A is the
dimension

of the null space
of A .

Since the

nullspace of
A has a

basis of
size 1 ,

the nullity
of It is 1 ,



( iii ) Now for the column space .

Pg

we saw in part ( it that the ↳

row echelon form of

l - I 3

* f 's, is ! ; - i:) .

Circle the leading 1 's
in the row - echelon

form of A .

so:*:L
c-

This corresponds
to column
I and

column 2

So columns
1 and 2

of A form

a
basis for

the
column space

of A .

That is , { (f) of / } form a

basis for the
column space

of A .



( in The rank of A is the dimension PLL
of the column space of A which is

the number of elements in a basis

for the column space
of A . By ( iii )

the column space
has dimension 2 ,

-

(v) A is 3×3 [mxn where in , ]

The rank - nullity them says that

rank CA ) t nullity
(A) = n

P

' ist :
em.÷e¥Ei]

Z t I = 3

Which is true .
So
,
we

have verified

the rank - nullity thru

for this matrix ,



④ A- ( I :O ) %L

( i ) The nulls pace of A
consists of all

=

where AI
'
= -8 , that is all I

'
where

÷÷n¥.tt:17
Which is

the same
as solving

÷÷÷÷¥÷÷
.

e: ÷ : lot.
( too ooo

- "

g- / :o) which becomes



"÷÷ is:: x:*

"¥÷÷±÷÷
So,

the nullspace
of A is

Neat H¥; ) lat'¥.tl
:B

minion
Forks pace of A

={ (¥11 trek}

={tf://t.uc.IR/-fufYoItt%11t.ueiRJ--z



=sean( { (
'

F) skol } )
So
, ( Ky ) , ( ! ) span the null space of A .

Let 's show they are linearly
independent .

Sumo

:("g) + a f- (1)
The " =L
t.si#=::ndea:::s.tonthy
Thus
,
a
basis for the

null space

is { ( "4) g ( I ) }



( ii ) Since the null space of A
has p9

a basis with
two vectors

,
it

↳

has dimension two .

So
, nullity (A)

= 2
.

-

(iii) If one row reduces

z o - I

A- ⇐ ( Yoo -g ) as in part Ii )

( o
' 8

-

Yo' for the row -

then one gets o o o
) echelon form

(
'

leading l 's gives
:ot

The leading
1 lives in

column
1 of

the row -
echelon

form of A .

So
,
column

1 of A is a
basis

for the column space of
A

.



That is, { ( I ) } is a basis pg

for the column space
of A

.

-

Civ) By part ( int the
column

space
has dimension

1 [a basis

for the column space
consists

of one vector) .

So
,
the rank

of A is 1 .

-
(v) A is mxn =

3×3 .

The rank
- nullity theorem

says

rank (Al *
nullity (A)

= n

which
for this exani.FI?onsestCJ
1 t

2
=3

is true .
So we

have verified

which the rank
- nullity theorem

for this matrix. .



pg

④ AH,

":{ E ) is

(i ) Same procedure
as 2cal and 2lb )

solutions .

We want to
solve

kiss :L y:S .

Let's do it .

it :L :*:
"

:# to
foot. Hot

'' fo 'll 8) .

O O O O O

so we set :xit4x¥f¥t¥IE



" t¥¥;¥:Tinian.
free variables

¥i÷÷÷÷¥÷÷n*i÷
So the null space

of A is

Matt IN"¥.tl:B

-

- f EE://uieta.ae. =



If t It . : :c K

-

- f- film It .
⇒rank I. E'¥131 .

hentai.tn#eseho
vectors are

sumo:
.

+ a I:o)



Then
. =L! )

The bottom two equations give
that

C
,
= Cz = O .

Thus { (I )g(÷¥ ) ) is a

basis for the nullspace
of A .

-
(ii) The

nullspace of
A has a

basis with two
elements, hence

it has dimension two
.

So
,

the

nullity of
A is 2

.



( iii ) Part Ci ) shows row - reducing pod

A- (I, Y
,
{ E ) leads

to the row
-
reduced form

1 4 52

(⑥ ① 14117 ) whmonestheaek.fi?ed .

O O O 0

These leading
I's are

in columns one

and two of the row
-
reduced form

of A .

Thus,
columns

one
and

two are a
basis for

the column

space of
A

.

That is a
basis is

{ III. (Ill .



( iv ) By part Liii ) a basis for P⑥
the column space

of A has

two elements , so the column space

has dimension two .

Hence the rank
of A is 2

.

-

(v) A is mxn = 3×4 .

The rank nullity
theorem says

nullity (A) t
rank CA ) = hp

this
,
"¥I'J

Which is true .

So we have
verified that

the rank
-nullity theorem

is true

for this matrix .



③ We are given that
pg

A is mxn = 4×5
and

24L
that the nullity

of A is 3
.

The rank - nullity theorem
tells us that

rank CA) t
nullity (A) = n

which becomes

rank (Al + 3
= 5

So ,

rank (Al = 2 .



④ Suppose It is mxn . P⑥
We are given that

a
basis for

the column space
of A is

{ 1¥19 g) } •
Thus

,
the column

space
has dimension

2 .

So
,
rank (A) = 2 .

We are
also given that

the null space

has a basis of size
2

.

Thus
,

nullity (A) = 2 .

By the
rank - nullity theorem ,

n =
rank (A) t

nullity CA)

P

n=#o¥¥
So
,

the number of
columns

of A is

n =
2+2=4



④ Let If, %L
J,= ( 1,17

④
To find a subset

of J , ,Pz ,
'T
,
that

is a
basis for span ( { I , ,i's ,

3)

we put
the vectors

into a
matrix as

columns .

Let A-
(I .fi )

So we are
looking for

a

basis

for the column space
of A .

We need to
row

-
reduce

A .

III. HEMI
-stil

¥4 ; 's
Etr fit; ;y→



( it :b , me.

The row - echelon
form of A = (I, ! )

is (④ Ig ) where I've
circled

the leading
1's
,

They are
in
columns

one
and two .

So,
columns

one
and

two of
A are

a
basis for

the

column space
of A ,

That is, { (4) g (f ) } is
a
basis

for the
column space

of A .

So
,
span ( { ( 2, -17g (

s
,
-77g Cbl ) } )

= span ( { Cz , - D g
CS, - -77 } )

with basis {( z ,-17g ( s, -77} . ]



( pg

Now we write the extra
vector J

,
↳

as a
linear combination

of

J
,
and Ta .

Lets solve

Li ,D=
c.cz , - I >

ta CS , -77

F. I
This becomes Li ,

D= (Zc ,
-15oz ,

- c
,
-797

.

So
,

Solving
this we get

Est 'd%k
' -4 't

(Lst IT )
-"M (

'

o III)

fit
which gives at7÷ or



pg
so
, Lea
T's = Cl ,D= Y Cz , -D - ILS ,

-77

=

'II - ti's

-
-

④ Let I' =L 1,0 , I >
Fz = ( O , 1,27

if -_ Cl , 1,17

To find a subset
of Ji , it ,

that

is a
basis for span (EY ,

it , 3)

we put
the vectors

into a
matrix as

columns .

Let

A-- l ! ! ! )



We now row reduce A to find P↳
a
basis for the column space of A .

It : :
" c : : :S

'" % : l! ! ! )

So the row -

echelon form
of A =/ ! ! ! )

is ( Ot ) where I've
circled the

leading 1
's

.

The leading
I 's are in

columns one,
two, and

three .

So
,

the corresponding
columns one,

two ,

and three
of A are

a
basis

for the column space
of A .

if



That is
,
a basis for the Ps

column space of
A is

↳

Millwall .

So
,
a
basis for the span

of it ,=L 1,0 ,
') g
I = ( O , 1,27,

E- a. in> is

ii. = Cho, Dg
E- so , 1,27 ,
i's - 41,17.

All of
iii. it, are a

basis
for the span

of visit ,

So there
is nothing

to do here .



⑤ We are given that A is an g↳
Mxn = 3×3 matrix

and that

nullity IA ) =0 .

By the rank
- nullity theorem

rank ( Al t nullity
(A) = n

which becomes

rank (Al t
O =3 .

Thus , rank
(Al =3 .

Since A is 3×3 , Af!!! :3:{
'

÷ ) .

The column space
of A is

w .- spancel : ska oil : 1
Which has dimension 3 since

rank (A) =3 .



So
,
W = column space of A 3p↳

is of dimension
3 and it

lives in the
3 dimensional

space
IR?

'

II
" "

Thus
,
every

vector ( E ) EIR
'

is in
W which is the

column space
of A .

So
,
every

vector ( & ) E IRS
is

in the span
of the columns

of A .


