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Foralltheproblensweusethistheoremnmass:

Let V be a vector space over

a field F and let w be

a subset of V ,

W is a subspace of V
if and only if the following
three conditions hold :

① O
'

is in w ←
wuntg

① If i
'
and it are in wD÷÷÷÷

then Ftw is in W .

③ If ¥ is in W and - is in FJI÷÷"÷g
then a. E is in W .



④ w -={La, o , o> I a EIR
-

( i ) < 40,07 , Ct, 0,07
[I , 0 , o) g ( 321 , 0,0 >
-

(ii) W is a subspace .
Let 's prove

the three conditions
.

① Setting a
= o gives Lo,

O
,
o) is in W

.

So, W
contains the

zero
vector .

② Let i' , in
'
be in W .

Then

I -- Lai , 0,07
and Pu = Laz, 0,0

>

where a ,
and az are

real numbers
.

We have
J'the La ,

taz ,
0,07

which is
of the form

of the

elements in
W .

So it tin is
in W .

So , W
is closed

under vector

addition .



③ Let E
'

be in W and d be in F- IR .

Then I = La, O, O ) for
some real number a .

So
,
L Laa ,0,07 is in W since its

of the form of the elements
in W .

So, W is closed under scalar

multiplication .

Since W satisfies properties 10,20, and③
W is a subspace of 1123

.



w -- { La, 1,271 a in IR }
-
fi) Sl , 1,27g C- 3,1 , 27

( IT, 1,27 g ft , I ,
2>

-
Iii) W is not a subspace . For example

condition ① is not met since
so ,0,07

is not of the
form Ca,

1,27 .

So, W does not
contain the

zero vector .

#ieJhHkdMNprb6n .

Notes You
could have

also shown
that

conditions ②
or ③ are

not true .

For example ,
=L 91,27

and I
=L I

, 1,27

are in
W, but
it = Li , 2,4

) is

not in
W since its

not of
the form

( a , 1,27 .
So

condition ②
is not

met
.

That is
W is not

closed under
vector

addition .

Also,
E' = So , 1,27

is in
W .

But,

3E= So,3,6
> is

not in
W .

So
,

condition
③ is not

met .

That is,

W is not
closed under

scalar
multiplication .



W= {La , b , c) I b = atc , a, b ,CER}
-

(i) C l
,
3,27 E W since 3=1+2

<IT
,
it -2,

-2) EW since I
= It C-2 )

( s
,
'I , I > EW

since # =
Stf

( 3,0 , -3 )
EW since 0=3

t C- 3)

-

(ii ) W is a subspace
of IR? Let's verify .

① La , b , c)
= 50,0, o>

is in W since b -- ate

when a= o, b
= O
,
c = o .

So
,
W contains the fee ,

② Let and it be in
W

.

Then

i' = Cayb . ,
c ,
> and

in = ( az.bz , ca
)

where b , = a ,
t C ,

and bz= azt
Cz .

Adding these
two equations

gives

(b , t bae )
= ( a ,

taz) t Cata
)

)←
Therefore ,
I' tin

'
= (altar , b ,

tba , 4th
)

is in W .§inuits2hdcompons)
the sum of

the 1st and
3rd

components
So , W is closed under vector addition



③ Let 2 be in F=R and I be in W .

Then E' = Ca , b , c) where
b = at c .

So
,
Lb = dat da

'TThus,

<I = (La ,
ab
,
dc )-

is in W
.

Since its
2nd component equals)[the sum of the dsotmanondensrd

So
,
W is closed

under scalar

multiplication .



⑤ W -

- {( a ,b , c> I b -- atctl , a,b ,CER}
-

(i) St, 5,3>
EW since 5=11-3+1

< 91,0 > Ew
since 1=0+0+1

( IT, ITt3, 2)
EW since It

3=11721-1

< E , I ,
-E) Ew

since f- I
- Itt

-
(ii) W is not a

subspace .

① For
example ,

La , b , c>
= 59907

is not in
w since

btatctl

in this
example .

So condition
① is

not satisfied
.

Therefore , W
is not

a subspace .

µ÷÷:



The previous page shows that w does

not contain the zero vector so W

is not a subspace .

This is enough to

be done with the problem .

For illustrative purposes let me
show

you how you could have
shown that

W does not satisfy property ② or ③

②Let37ad= 1,07

Then I and it are
in W

,
since

5=173+1 and 1=0+0+1
.

However

Itil =L , 6,3 >
is not in

w since

6 # It 31-1 .

So , W
is not closed

under vector
addition .

#Z=L¥dL=2.
Then It is in

W since
5=1+31-1 .

However,
aE=2I'=L2 , lo,

67 is

hot in W since 10 # Zt
Gtl .

So
,
W is not closed

under scalar
multiplication .



④ W = { ( Ibd) I atbtctd -- o }
-

( i ) ( I f) EW since Itfzlt It 0=0

( I
-

ft ) E W since It C-2) t2tT=
O

( Iz I, ) EW since 3 ttztt
-4=0

(t Y ) EW since Itc-4th )
tho

-
(ii) We show

that W is a subspace

of V = Mz , 2
°

① Setting a
-

- o
,
b -

-
o
,
c
-

-
o
,
d-- O gives

( Ibd ) = ( oooo )
and here we

have

that at btctd
= 0 to tot

0=0 .

Thus , ( : :/ is in W
.



② Let I
,
ii be in W .

Then it = (Y ,

bd! ) where a
,
t bite ,
tdio

and it = (!! bd!) where azt
bat cat de O

.

Adding the two equations
yields

( a.tact t (bit
bat t (c , tcz)

t Cd , td.cl = O

'÷::c:: :: :: isinw
So i w is closed

under vector
addition .

iii.trees "ii¥i¥a
" eewehnaatschaactwaieos
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③ Let L be a scalar in F- IR .

Let E' E W .

Then I = ( E bd ) where atbtctd
= O

.

Multiplying the
above eg-on by x yields

Hatt ( ab )
t ( x c) t (ad)

= 0
.

Hence ,
-

XE -- (% Ibd) is in W .c÷i÷÷i÷÷i÷÷÷÷÷÷÷""it



zcqr-EE.at/detE-dI=03
-

(i) det (I E) = ( IK-21-1211-11=0

sgf.cz/EW-det(ff/=flKll-llCli=0
So
, (

l 1) EW .

I

deff! = ( Htt -
'-0

so,(¥'E#
det (881=101151-101101--0

sg(88)



( ii ) W is not a subspace, however

it does satisfy the first condition .

① (8 : ) EW since det (%) -40101
- ( o ) (01=0

(o condition ① is satisfied]

② This condition is not
satisfied .

For example , let
it = ( 'o

-to )

and in -_ (99 ) .

Then

let (f) = ( it Col
- C- 1) (01=0

and
det (F) = ( 0141

- Coll 11=0

So
,
I
'

and Tv are in
W .

However , det
( i' tu )

-

- det ( t
-

f ) - H - th

= 21=0

So, Ftw
is not in W .

Thus, W
is not closed

under addition

and is not a subspace
of Mz

,
z .



So , we saw that
condition ① is

satisfied but condition ② is not .

At this point you
can stop and

say that w
is not a subspace of 142,2

since condition ② is not satisfied .

-
For illustrative purposes,

let me show

you how
to show

that condition
③

is also satisfied .

Let x be
a scalar

in F- IR
and let

E' = ( Ibd)
be in W .

Then
,

det (E) =
ad - be

= 0 since z
is in W .

So,
detail -- det (Tac

Ibd) =

= (a a) (
xd) - (ab )

64=2Cad
- be]

=L ( 01=0
.

Thus , II
is in W .



⑥ W={ Itbxtcx
' / b,c are in IR}

( i ) It 2x - 3×2

It Oxt 0×2=1ii÷
"

(ii) W is not a subspace
of Mz

, z .

① 8=0+0×+0×2
is not

in W -

because it
isn't of the

form

It bxtcx .

Therefore , W is not a
subspace .

hi:÷÷÷,



We showed W is not a subspace on

the previous page by showing property

① is not satisfied .
That is enough

to be done
with the problem .

For illustrative purposes,
let me

show

You how
to show that properties

② and

③ are also
not satisfied

.

② Let it = I txt
- XZ and

it = It 2x
- x
'

be in
W . Then
It =

2+3×+0×2

which is
not of

the form It
bxtcx

's

so not in
W .

Thus , W
is not

closed

under
addition .

③ Let E' = It
xtx and 2=2 .

Then
E is in W .

But

ZE
'
=
21-2×+2×2 which

is not
of

the form
It
bxtcx so

in not

so,
W is net

closed under
s

in W . scalar multiplication
.



⑧ W={

atbxtcxaafbz.EE/R3#zxt7xisinW.becauseIt2tI)=0.-
3- Ex - ITXZ

is in W

because
31-2 (

-Z ) = O

OtOxt3x2isi#
because

Ot 2 ( O 1=0
-

- I-1-4×-10×2 is in W

because
-It 2 ( ty ) = O
-



( ii ) W is a subspace of Pa .

① Setting a
-

- O
,
b = 0
,
c
-

- O we

get atbxtcx
'
= 0 tox tox

'

and at
2b = O .

Thus,
8=-0+0×+0×2 is in

W .

② Let J
' and it be

in Pa
.

Then , I = a ,
tb ,
Xtc ,

X
' where at24=0

and
it = aztbzxtczx

' where azt24=0
.

Adding these
equations gives

(a , taz) t
2 (b , tbz 1=0

.

Hence, Itil
= (aitazltlbitbclxtkitczlx

'

is in
W .

So,
W is closed

under vector

addition .



③ Let E' be in
W and 2 be

in F -- IR .

Then I = a
tbxtcx

Where at
2b = o .

] ¥79in w
Multiplying at

26=0 by L gives

@a) +2
( ab ) = O .

Thus,

LI = Lat
2bXt

LCXZ

is in W .

So, W
is closed

under

scalar
multiplication .


