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What's a basis good for ?

To make a
coordinate system.

-

The rem: Let V be a vector

space over
a field Fo

Let VisVz , ... In
be a

basis

fo-V .

Then given
any

rector i from V there

exist unique
scalars4

where

+cn
+, +CE



Ex: V = IR2, F = ↑
that

Previously we saw

i = (2 ,1,2=
1
,
K

is a basis
for IR"

Also we saw
that for any

=< 9
,
b) we

had

(a
,
b) = (5 a + 5b)(2 , 1 + (5

a + b) ( 1
,
1)

+z

Ex :
-((2 ,k + - 5) ·=-b)

-6



If instead you used the standard

basis i =< 1
,
03 , W2= <0, 7

then you'd have

(3
,

-6) = 3
.<

,
0 + - 6) . (0 , 1)

-name

Di Let V be a vector space-

over a
field F .

Let vstes" Un

be a
basis for V.

fix this ordering
on the

If we

basis elements,
then we call

this

an red basis for
V.

We write

B
= [E ,

Un
,
n]
↑

↑



I I
name of brackets meanC ebasis

B = beta
order matter

to denote an
ordered basis .

Vector Y from V

Given any

We can
write ->

F = c ,
+G zt it On Vn

The constants
4, 6,

In are

called the coordinates
of
-

:respect
to the basis B .

We write

d) p= (s)()

ordinatevector of
w/ respect to B



can

(i
me-me-

Ex: V = (R , F
= IR

two
Let different

B
= [< 1

,
0)
,
< 0
, 17] orderings

on the

standardp= 2< 0
,
1
,
< 1
,
07])

basis

w = [2 , 1, 1
, 77] two different

urdenings
u= [7 1

,
1 ,< 4 ,1) & of basis

< 2 , 17,- 11

Let E = (3 ,- 6) .



Note

i = (3 , - 6) = 3 . (1
,
0) + (- 6) . (0

,
1)

>,
0/ 17]

So, Pr
↑

[i] B
= (3 ;6)

-

Note

i = (3 , -6) = (
-6)(0 , 1) + (3) <1 , 0)

-- o, (110)
[i]p ,

= 7 6
,
3)

-

Note ↳- [2 , 17 , 71 , 173

i = (3 ,- 6) = ( 1)(2 , 1)
+ (- S)7 1 , K

↑ -



So
, [Ec = ( 1

,

=3)

1,
1
,
< ,75

Note ,

i = (3 ,-6) = (-5)(1,
1 + (- 1)(2,1

-
=30 = 75 , -1
nowthat
Q : What if You

-

T[W] = (3,
- 2)
.2,1), 2

/
, 17)

&·What is
&



Then -N
i = 3(2 , 17 + (- 2)

- 1
,
17

= (6 ,3) + (2 ,
- 2)

= 48
,
17

x
Ex: V = P2 , F

= IR

↑ polys of degree =2E
Let

B = [1 , x ,
x2) +

basis

other basisCu = [1 , 1 + x , ( +x + x2)
=

We found

Le + = 4 + 2x+ 3x2



Find [F] p and [t] .

Note

* = 4 . 1 + 2 . x + 3
. x2

B = [1 ,x, x2]-E3

=)p= 74 , 2 , 3)

To find [i]
G
we must solve

4 + 2x + 3x2 = G(k + G(l + x)
+ G(( + x + x2)

-
I X+X+x)

This becomes

4 + 2x + 3x2= c
,
+ ( + 2x + ( + 3X + 4x2



Which gives

4 + 2x + 3x = (c ,
+ G+ 3) + (c+ ()X + 3x2

m-L
This gives ④ 4 = 3
4 + 2 + 4= 4Q

2+ 3 =
2 &

& 2 = 2- C
= 2 - 3 = - (U [3 =3 Q c = 4 - 4 - C
= 4 + 1 - 3

= Z

Thus ,

4 + 2x+3x = 2(1
+ (- 1)(1 + x) + (3)(1

+x+xY

so, -x(+x+x)
[ +2x +3x2y = (2 ,+ , 3)



Let's do an example where-We find a basis for a subspace !

Partz
D(b) V = 1R3 ,

F = IR

W = 2(a , b,c)(b = a
+c ,

a
,
b

,
ce(R)

V = IR
W [0, 1 ,07

< 1
,
3
,
2)

<1
,
8 , 7)②E④E

O

< 0
,
0
,
Oh

71, 7 ,
- 67
Sk T

⑧

·



In Hw you
show that W

is a subspace for
IR3.

Let's find a basis
for W .

Let (3) be in W .

Then, b
= a + c .

30
,

(a) = (a) = (a) +:
= a( ! ) + (i)

Thus
,
(8) s (i) Span W.

[2x: (b) = s(i) -b(i)]



Let's show (b) / (i) are lin .
ind

.

We must solve

4 (i) + x(i)
= (i)

for ,

This becomes (ctce) = (8)To
So , c = 0 , C

= 0 is the only solution,

Thus , (b) / (i) are lin .

ind.

Therefore ( ! ) : (i) are a
basis

for W
.
Thus , dim (W) = I .



So
,
W is a 2-dimensional

space
inside the 3-dimensional

space V = IR3.
-


