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-Vectorspaces

Ofield

SWe are going to generalize
-What a scalar/number is

-and what a vector is

↑
VectorCspace



Def: A feld consists of a set

F of "scalars/numbers" and

two operations + ando such

that if x and y are
in F

then Xty
and Xoy are

in F .

+
F

The following properties
must

also hold :

⑭ If a
,
b
,
c are in F, then

:

a + b = b + a

a - b = boa

a + (b + c) = (a + b) + C



a . (b . c) = (a . b) · c

a . (b + c) = a . b + a . c

(b + c). a = boat ca

# There exist unique
elements

O and 1 in
F where

x + 0
= 0 + x

= X

and X : 1 = 1 . x =
x

for all x
in F.

⑮ Let x be in Fo

There exists
a unique

element

- x in F
where

-

x + (x) = (-x) + X
- O

.

If xF0 , then
there exists



a unique element X in F

where x : x = x x = +

END OF-
-↳F

# F =Renumbers
IR is a field using the

usual

adding and
multiplying.

- e
-Yz 3/2 2

.
34 T IR
!'e<

Thisclass IR will beIn

the only field we use,
but I will state definitions



and theorems for general fields.

-

# The set of complex

K is also a
field

.

numbers

A complex number
is a

number of
the form

at bi

a & b are real numbers
where

= - 1 or i
=F

And M

M

zi
- 2 + i

⑳
Iti

② i ②
T

#<
->3 -2 -

0
axis

-

- 3-2i
I ↑ real

· -i
· -2 i

imaginary axis



Ex : There are finite
fields

-

that are built
with prime

numbers and modular

arithmetic
-

let'sgeneralize

vectors .



RefiArechspaceVorreset
of "rectors" V and a field F

with two operations ,
"Vector addition"

I (I such
+ and vector scaling o

that if ,i , E are vectors

fromV and 2 , B are scalars

from F
,
then the following

must hold : adding
-> -> V Ver tors &

QV + w is in scaling a

vector

② Lot is in
V I

givector
C

③ + =
+

④ + (n + E) = ( +
+



& there exists a unique rector

⑤ in V
,
called the z(o

Vector ,
where 5 +5 = + = y

for any vector i from
V.

⑥ there exists a unique
vector

- in V where
->

+ (i) = (-5) + F
= 0

->

⑦ 1: = V

( < B) . E = 2 . (p . i)
-

④ C . ( + = Lov + 2
.

T
-> t

⑩ (x+ B) · = C
- V + B

- V

END OF
-
-EDEF



EX : Let V = IR" and F=R.
-

Then , VIIR"
is a

vector

F =R using
space

over

vector adding
the usual

and scaling.

e↑
Field

adding :[a ,b) + / ,
d) = (a + c , b + d)

Laling: < <4 ,b) = (da , <b)



Ex : Let V = M2 , z be
the

-- with

set of 2x2
matrices

real number entries
.

So,

V = Ma,
= 2(i))a,b ,de(R)

=S (88)(e) ,
(oil,

: umfiel
Let F = IR .

Then
,
V = Maz is

a
vector

space over
F = IR



using the usual matrix adding
and scaling.

-E Efield+_ rectors --

F = IR V = Ma
,
z

⑤ = (88)⑳ei
-

adding : (*) + (3) =( it

ling
: < (4) = Cel



#: Let n 70 be an integer .

[So, n can be
0
,

1
,
2
,
3
,

4

, 000]

Let V = Pn be the set
of

all polynomials of degree
-

>.

So, e
V = Pn

=59.+ 9 ,
X + A,

x2+ 1 . + anX2/aosaisasit
Let F = IR .

Add and scale just like
usual .

#dingvectors
:

(a + a ,x + .. +
anXY) + (botb ,

x + + bnx4

= (aot be) + (a ,
+ b

,
) x + it (antbu)x



sing:

↓ (ao + a ,
x + ... + anx

= (ad + (a
,
/x + + (< a 1 )x

*

Equality:

Got a ,
Xti +

anx= botb ,
x + 1. + b,x

if and only if

as = bo ,
a
,
=bi i An

= bn

zero vector :

-

-

0 = 0 + 0x
+ 0x2+ 1 . +

Ox

-St: V
= Pn is a

rector

space over F = IR


