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-VectorSpaces

We are going to generalize-
What a number/scalar is

Cand what a vector is .

t
VectorEspace



Def : A feld consists of a set F
- "and two operations
of "scalars/numbers

+ and · such that
if X and y are

in F

then xty
and x . y are

in F .

x.y

F

①

Also the following properties
must hold :

⑰ If a
,
b
,
c are

in F ,
then

a + b = b + a
a . (b + c) = abtarc

a - b = boa (b +c) · a = boat c . a

a + (b + c
= (a+b) + C

a . (b - c) = (a - b) · c

⑫ There exist unique
elements O

and 1 in
F where

x + 0
= x + 0

= X

x- 1 = 1
. x = X

for all x in F .



⑬ Let x be in F .

There exists a unique element -X

in Fwhere x +Ex = 0 = - x) + X

If x Fo, then
there exists a

unique element X
in F where

x -x = 1 = x . x
END↳-OF
- DEF

Ex: F = IR ->
the set of

real numbers

R is a
field

- 3/2 Y2 E2 ↳ IR

!!11/

-3



IR is the only example we

will use in this class
,

but I

will state definitions and

theorems for general fields.
Just think IR When you see

the word "field".-i - 1
,

=F
-

EX : The set of complex plotT-- a+bi

numbers I is a field. where
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Ex: There are also finite

fields .

These come
from prime

modular arithmetic
.

numbers
-

Our next definition will

generalize what a vector is .



Lef: A vector space V over
-

a field F consists of a
set

of "Vectors" V and a field F

with two operations , "Vector

and "vector scaling"
addition "H -

->
->

·

,
such that

if v
,
w ,
z me

vectors in
V and 4 , B are

scalars from F then
the

following
must hold:

vectors
adding
and

①Ft is in V I scaling asforVCC

② d. is in V
still a

rector

③ + = +

④ +( +E) = ( + + E



⑤ there exists a unique vector

in V
,
called the zero vector,

-

where + y = 5 + = Y

for all in V
.

there exists a vector
- in V

⑥
where i t(- = ( -5)+ = --S

⑦ 1. = ngby 1
docs nothing

⑧ (cB). = 2 . (p - v)
t

④ 2 : (E+ l = L . Low
-

⑩ (x + B) ·N = d . + BV

-D OF-DEF



Ex: Let V = IR" and F= /R

Using the
usual vector

adding and scaling
makes

this a vector space.

For example , when
n = 2 we have :

T vectors --
w field I ↳-
-

F = /R V = /R2

t ·
Z

[0,) = T

GG&

·
2 O ①Eadding vectors :

scaling a
vector :

5 . <2, 17 = <10 ,
57



Ex: Let

V = Ma
,
z

be the set of
all

2x2 matrices with
real number

entries and F = IR .

In set notation
:

V = Ma,
= 5)3d)/a, b , c , dE(R)

=

5)00((ii)
, (ii)

po
e

infinitelyany
Adding and scaling is like

normal
,
ie like this :



(i) + (3) = (g Gil

< (4) = ( al

FIELD- VECTORS-- &
F = /R V = M2

,
z

/Hi



EX : Pick some integer n >, O .

-

(So n can be 0
,
1
,
2
,
3 , 4 , 5, ....

Let V = Pn
be the set of all

polynomials of degree [N.

so,

V = Pn ↳
= Gaota ,

x + A2X'+ c+ anX4/9osaiashe

Let F = 1R.

Add and scale
rectors like usual .

For example,

(ao + a ,
x + c + anxY) + (botb ,x+

... + bexh

= (a+b) + (a ,+b) x + 1. + (an
+ bn)x



and

< (ar + 4 ,x + ... + anxY
= (a) + (4 ,

)x + 1. + (an)x

Also,

Got 9 ,x+...
Anx = botb ,

x + i +nx

if and only if

A= bo g
A big n , An

= ba

And,

5 = 0 + 0x + 0x ... + OXN

This will be a
vector space .


