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Solutions⑦<



Solutions
0(a) A = (3)

aracteristicpolynomial

det (A-xIn) = det ((3 :)
- x(bi))

= det(3j % - x)

= (3 -x)(-1
-x) - (0)(8)

I factored
= (3 -x)(- 1 -x)

out two
(- 1)'s= and they
cancelled

= (x-3)(x+ 1) each other
out

Thus
,
x = 3,-1

are the eigenvalves
of A .

x = 3 has algebraic
multiplicity I

.

X = 1 has algebrain multiplicity
1
.

BisfeigenspaceECAT#B. = .



solving : (3 .%)(i) = 3(3)

(3a+0b) = (3

(82 - 4b) = (8)

Need to solve
:

8 a- 4b = 0

0 = 0E
& -R ,

-R ,

or equivalently
:

b= 0

0 = 0

The solutions are :

b = t

a = tb =+t

So ,

x = (i) = (E) = a)"i)
gives all the

elements in the eigenspace
Es(A).

So
,
a basis for Eg(A) is (i)



and dim (Es(A)) = 1
.

So
,
X = 3 has geometric multiplicity

1
.

Tasisfor eigenspace
E

.
(A) for x = -1 :

We need to solve
A* -- *.

Solving :

(3-)(i) = - (b)
(a t3) = (i

(2) = (8)
Need to solve

4 aEI

8 a

So ,
a = 0

and b = A is
free .

Thus ,

x = (5) = (i)
= t(i)

gives all the
elements in the

eigenspace
E
.. (A).



So
,

a basis for E .. (A) is (i)

and dim (E .
(A)) = 1 and

the geometric multiplicity
of x = -

is 1
.

Summary table for A
= (3 :1)

Falling iziie



④(b) A = ( ! =
characteristic polynomial of A
-

det (A-xI2) = det(/) -x(bill
= det (1*
= (10 -x))

- 2 - x) - (4)f 4)

=

-
20 - 10x + 2x

+ x + 36

= x- 8x + 16

= (x- 4)

Thus , x
= 4 is the only eigenvalve

with algebraic
multiplicity 2 .

nsistorECA)fornigenvale
ele

Solving : (=2)(b)
= 4/i)

(l ) = (iii)



( q :- 3)=
We must solve
-

I6a - 96 = 0

4a - 6b = 0L
We have

1=% (i =:

+12

) %
-

31..
We get :

EBeb= G
leadinga

free : b

So,
b = t

a =3b= t

Thus , all the
elements of Ey(A) are

of the form

i = (5) = (3(t) = t(32)



Thus
,
a basis for Ey(A) is (3)

So
,

dim (Ey(A)) = ) and the

geometric multiplicity
of x = 4 is 1

.

-

·if it



O()A = (8s)

aracteristicpolynomi ofA ill
= det (5j

-+ 0

s -

1

= (5 -x)(5 -x)
- (0)(0)
I factored out

= (s - x)(5
- x) & C-K from each

term and the

= (x -5)(x
-5)

two (- 1)'s
cancelled out

= (x -5)

Thus
,
x = 5 is the

only eigenvalve

of A and it has algebraic

multiplicity
2

.

basis for EstA) for x
= 5 :

--

We need to solve A = S *



Solving : (83)(5) = 3(b)

( IObb = (s

(8) = (i)
get
0 = 0" E no leadingvariableeel
0 = 0

Solutions are

a = A

b = H

Thus ,
all elements

of Es (A) are
of

the form

i = (i) = (E) = (b)
+ (i) = A(j) + u(i)

Thus , (b) , (i) Span Es(A) and
since

they are linearly
independent (it's

the



standard basis) they form a basis

for Es(A) .

Thus , dim (Es(A))
= 2 and the

geometric multiplicity
of x = S is 2.

Summary table
for A = (%3)

#aligatin
i

it is



①(d) A = I862
o o O

archickpolyof -x (orel

=
det (ii) (E)

g o
- >

i
= (x)/= x - 0

+ 0

-

Zi
= ( -x((-x)(- x) - (2)(0)]

=
- x = - (x - 6)



The only eigenvalve is X = 0 and

it has algebraic multiplicity
3.

↳is for Er (A)
for x = 0 :

Solving : A = 0 .*

I! (i) = 0(

(i) = (0
to solve :

Er
O I

18 ! %it (::i
O C

giving
:

- leading : b ,
c

b = 0

=o
free : C↳



Solution :

a = t

b = 0

c = 0

So every
element ! ofEo

(A) is of the

fmx = (i) = (b) = t(

Thus
,
(8) is a

basis for Eo (A)

and dim (Eo(A)) = 1 and x= 0

has geometric
multiplicity 1

.

Summary table
for A = (800o

for

(A)

Feymityiii



①(e) A = (2 (
characteristic poly for

A

-xIs)= det)(! - x (airel

= dxt(" x
O

& expand un

Col 2T E
=

- 0 + (3 -x)
- -

(i
= (3 -x)((4 -x)(4 -x) - ((i)
= (3 -x) [16 -4x - 4x + x2- 1)
= (3 -x)[x2 8x + 15)
= (3 - x)(x - 3)(x

- 5)



=
= (x -3)"(x - 3)

So the eigenvalues are x = 3,
5.

x = 3 has algebraic multiplicity
2

.

x = 5 has algebraic multiplicity
1

.

asisfor Es(A) for
x = 3 :

solving :
A = 3*

I24)(i = 3

a +4cIint- = e
Need to solve

a

+2
= 0#zaa + c
= 0



Solving :

I28280 ie (68 :o
This gives
E + c = 0

- leadinge
0 = 0 free :

o = 0

solutions :

b = t

c = U

a =
- c =

- U

Thus
,
every

E in EsCA) is of the form

i = (i) = (i) = (b) + T
= -(i) +n(j)

Thus
, (i) , (i) Span

Es (A) .

Since these two
rectors are

not multiples

of each other they form
a
basis



for Es(A). Thus , dim (Es(A))
= 2

and x = 3 has geometric multiplicity
2.

↳i for Es(A)
for x= S :

A = 5
Solving :

(4)(i) =s

Kictasia)=lice
Need to solve

+ c =
0

- a

za - 2b +
2 = 0W- c = 0

E

Solving :

(-40 (2 o d



- IR
,
+R2 + Ra 10 (: It

- R ,
+ R3 + R3 I O -2 0

Easea
--> O

Need to solve
:

- c = O leading : a b
a

b - 2 = 0 free : <-u = 0

Solutions are
:

c =
A

b = 2
= 2t

a =
c =
t

Thus every
in Es(A)

is of the
form

i = (i) = (2) = +(2)
Thus
, (i) is a

basis for Eg(A)

and dim (Es(All = 1 and

x = 5 has geometric multiplicity
1
.



#goo
is

ia



D(d) A = (= id I
-201

of A
aracteristicpolynomial

det (A -xI3) = det)( -x (i)
= det (*& sh

Di
=

- 0 + ( /" x - O
-

(i
= ( - x)[(4 - x)(1 -x) - (1) - 2)
= ( -x)(4 - 4x - x + x + 2)

= (1 - x)[X2 5x + 6)
= (1 - x)(x - 3)(X - 2)

== (x - 1)(X
-2)(x -3)



Thus
,
the eigenvalves are 6 = 1

,
2
,
3

each with algebraic multiplicity 1.

basis for E , (A) for x
= 1 :

-

Need to solve A = 1.

Solving : (i) (: ) = 1 :d

Katbic= ele
Need to solve

3a + C

E- za- za = O

(2010)ht[ CooedC

3/2R2+Rz I

editre (08" o Hats (68"id->



MisgiresiFo Leadingi e

Solutions :

b = A

c = 0

a = - C = 0

Thus
,
all the rectors

* in E ,
(A) are of the

formi = (i) = (i) = A) !)
So
, (i) is a basis for E , (A)

and

dim (E , (All
= 1 and x

= I has geometric

multiplicity I .

basis for E2(A) for x
= 2 :

Totring:
A-2

((i)(i) =2)



+hi = (isis
(a-b

= 3)=
Need to solve

:

-
+ c =

0
2a

- za -b
= O

- CF OL
- za

Solving :

(2000Flat(- 2
- 1

O

I O(6iO

- R2 + Rz

↑ leading : as
b

a

u = 0
I free : C

c = tSolution :
b = c= A

a =
- Ec = -tt



Thus all the vectors * in Ez (A) are of

the form # = (3) = (# = A)
-

"
So
, (ii) is a basis for E2(A) and

dim (E2(A)) = 1 and x = 2 has geometric

multiplicity 1
.

asisfor Ey(A) for x
= 3 :

Solving :
A-3*

(i)(i) =3)

(2 + 3

+ 4 = (inse
- za

+ C

(a-zi) = 00
NeelveA
a

-za -2b
= O I

-za
- IC = O-



Solving :
2R ,+R2f Rz I ·

(Rs(oid 1
o u o O

EaRe (bitlo ,

This gives :
-

+ C = O leading : a ,
b

↳ tree : aLil
Solution is

= t
a =
- c =

-A

Thus
,
every * in Es (A) has

the form

i = (i) = = +(i(
So
, (i) is a basis for Es (A)

and

din (Es(A)) = 1 and geometric

multiplicity of =3 is 1
.



#iii



② Suppose * is an eigenvalve of

A with eigenvalve x .

Then , A = x*.

So
,

A = A(A) = A(x)
= x(A)
= x

. x *

= x *.

And , #
= A(A) = A(x)

= x (A)

= x(x)
=**

will

Carry on
in this fashion

we

get that
A = x*

for n = 1 , 2 ,
3
,

4, ...



③ Recall that

Ex (A) = E /A = x* and -RY

(i) Note that
A =

= 0 .
%

.

C
Thus ,
is in ExCA) . - Since

A = 0 .8

(i) Suppose und Es are in Ex(Al
.

Ac = 12 .]
Than , Al*i multiplication property
Thus , Sd
A(+ 2) = A ,

+ A ,

= xx + xx2

= x( + xc)-
tor

recscalingProperty sin? -(C dA(x ,
+ Y2

-

Thus
,
Xi , are in Ex(A)

. E
=x(xi +Ye

(ii) Suppose
Is is in Ex(A) and

- is a real number
.



Then s since *3 E ExCA) .

matrix multiplication-"L
property

A(x) = c(Axs)

= x(xs)
= x(<s

Thus
,
A(xis) = x (xis)

So
,
ais is in Ex(A).

By (i) , (in) ,
lin , we know

that Ex(A) is
a subspace

of IR" . ⑭


