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①(a)

Span (550,
1
,

1
,
17
,
(3

, 273)

= (4(0,
1 + G(, 17 + 373 ,2))a]

I'veexample rectors in the above sean
:

1 : (0,1 + 1 . <, + 1 . 73
,
2)=

0 . (0
,
1) + 0

. x ,
1) + 0 . ( 3

,
2) = Co

10 . 90, 17 + <1
,
1 + 0 . ( - 3

,
2)=

0. co
,
1) + 1 . ) , 17

- S . ( - 3
,
2)=
[

2· (0 , 1)
- 1 . (1

,
1) + 1 . ( 3 ,

2) = 4- 4
,
3)



①(b)

Span (530,-2 , 27 , <1 , 3 ,
- 173)

= (2 ,
(0
,

- 2
,
2) + (( , 3 ,

- 1)(a ,2 + R]

I'veexample rectors in the above sean
:

0 . 90, -2 ,
27 + 0 : 4 ,

3
,
-1= C

1 : (0 ,
- 2
,2) +

0 . (1
,
3

,
-1)=

0 . ( ..
2
,
27 + 1 . < ,

3
,

- 1 =i

E(, -2 ,
2) - -(1 , 3 ,

-1=

S . (0 ,

-2
,
27 + 1 . < ,

5
,
-17

=i



①(c)

Span ((2 , 1 + x 3)

= 54 . 2 + G . (1 +x)), ae real 3numbers

I'veexample rectors in the above sean
:

0 . 2 + 0 . (1 + x)=

1 . 2 + 0 . (1 + x) =②
↳+X

T

0 . 2 + z(1 + x)
=

-
(z)2 + π

. (1 + x)
= (- 1 +π) +

# X

10 . 2- 10 . (1+x)
=No



①(d)

Span (5-1 -2x
,

x2
,

1+ x + x
* 3)

= (c , (1 - (x) + x(x2) + ((1+ x + xY)x , x ,3 =m)

I'veexample rectors in the above sean
:

[
1 .( - 2x) + o

. x + 0 . (1 + x + xy
=

- 1 -2x

[X
- . ( 1 -2x) + 1 . x2 - 1 . )(+ x + x4)

=

W2

2 . (1 -2x) - 2 .x + 1 . (1 + x + x)
=

- 1 - 3X - X

4( - 1 - (x) + 0
. x2 + 0 . (+ x + x)

=E

0 . (1 -2x) + S
. x -

S . (1+ x +xi)
=E



②(a)
We want to know if we can write

< 2
,

2
,
2) = c

,
40 ,

- 2
,
2) + 2(1 ,

3
,

- 17

-
< +c

Let's see ,

The above equation
becomes :

(2 ,
2
,
2) = ((,

-2
,
+3 , 24

- c)

Now equate each
component to get

2 = Let's see if
E
we can

solve·[-

this system
2 = 2)

- d

* 2
- 1

R
,
H)Rs >

Eas -3(
enerf2-

2 - 1 I 2 I & I
- 42 ↓

12 +init() (6 I S024



- 2RztRstRs &·>
So we have

4
-Ed =

② gives C
=
2

d = 2 ② O gives c
= HECGo = 1 + z(z) = 2

8 = 0

Thus ,

(2 , 2 , 2)
= 20(0 , - 2 ,2)

+ 2 . (1 ,
35 1

->

= 2 . + 2v

Se ,

< 2
,
2
,
2) is in the span

of is and



②(b)
We want to know if we can write

< 3
,

1
,
5) = c

,
40 ,

- 2
,
2) + 2(1 ,

3
,

- 1)

Let's see ,

The above equation
becomes :

(3 ,
1
,
5) = <( ,

-2
,
+3 , 24

- c)

Now equate each
component to get

Let's see if
IFe[s

= 2,
- [2

weconsleam

*E
(b)



- 2RatRstRs
- 12/

> &·. Pl00

So we have

2
-Ed = 5/2 ② gives C

= 3

C =3 O gives
=
SattGo = S(2 + =(3)

8 = O

= 8/2 = 4

Thus ,

< 3
,

1
,
5) = 440 ,

- 2
,
2) + 34 ,

3
,

- 17

Se ,

< 3 , 1 , 5)
is in the span

of is and



②(
We want to know if we can write

<0
,
4
,
5) = c

,
40 ,

-2
,
2) + 2(1 ,

3
.

- 17

Let's see ,

The above equation
becomes :

(0 ,
4
,
5) =((,

-2 +3 , 24
- m)

Now equate each
component to get

Let's see ifFe[we can solve-" = 2,
- [2 this system

*

& (
Ener , fitR

,
H)Rs >

E 5/2

I 8 >

in(b (j
- "

I S29
O



- 2RatRstRs
1 - 12 5/2

> &·. P00 9

So we have

2
-Ea = S/

2 =0Go #0 = 9 * This last equation
0 = 9

shows that the
system

has no solutions

Thus , there is no solution to

(0 , 4 ,
5) = 400 , - 2 ,2)

+ 40(1 ,
35-1

I , + q

40 , 4 ,5)
is not in the

->
-

spar of
i and v.



& (d) You can proceed as in the

previous problems ,
but this one is

easy tosolve .

We have

<0,
0
, 07 = 0 . 70 ,

- 2
,
2) + 0 . (1

,
3

,

-1

= 0 . + 0 .

Thus, (0,
0
,
07 is in the

span of in and E .



③ (a)
We want to know if we can write

-

3 + 2x + x + 2x = c, + 22 + 34s

= (2 + x + 4xz) + 2)) - x + 3x2) + 3(1 +x)

This simplifies to

3E-
Now equate the coefficients

of both

sides to get

3 = 2, + (
+ 4

Now we
must

2
= C

- C2

see if this[↳1 = 44 +3 &
system has

not
=

C3
a solution or

2



2 I I

& - I& 2 38 !(3

0 O I
2

- 2R
,
+ Rz-Rz d- (- YR , + Rs

- R3 ⑧

2

R2 Rs 7 8 I 8
- I

- y
+

- I I!
"

i
2

I&
070- 3 I

- I

⑧ 3 2

W

↓
- 3Rz+ Rz + Rs Ii

O 8

>

O 0

ERy
+ Ry(i)g

6 0 0 ,
0



The reduced system is

- Cz = 2 ①
22 =

- I ②·↳ = 2 ③

We get the solution

( = 2

22 = - 1[c = 2 + 2 = 2 - 1 = 1

Thus,

3 + 2x +x +2x = 1. - 1. + 2.

So,

3 + 2x +
x]2x3 is in the spac

of ,, Es



③(b)
We want to know if we can write

-

1 + X = < + cu + 34s

1 + 1 . x + 0 - x -0x= (2 + x + 4xz) +()) - x + 3x2) + 3(1 +x)-

This simplifies to

3LI
Now equate the coefficients

of both

sides to get

- 2, + (
+ 4

I -

Now we
must

I =
- C

see if this#↳0 = 4 +3 &
system has

not
O = a solution or



21 1 - 1 O Y
& - I U

1&430 !/(oild3

0 O I O

- g
- 2R

,
+ Rz-Rzl- YR , + Rs

- R3 (
%· I EditO

> 0
j 3

⑧ 3 I

W S &

↓ - 10
- 34z+ Rz- Rs

⑧
> I:
ERy

+ Ry( -g O

6 8



The reduced system is

22 O⑭En
↳ = 5/78

0 =
-3 ⑪7

Equation& is 0 = -5/7
.

Which isn't true ,

Hence the system has no
solutions.

Thus,

3 + 2x +x +2x = c. 2. + 3.

cannot be solved
for c
,
32

, 43.

So,
not in the

3 + 2x +
x]2x3 is -

span
of& , s



③ (c)

We have that

0 = 0. + 0. + 0

Thus, 0 is in the span
of

,2 , s :



③ (d)
We want to know if we can write

-

Y - x + 10x2 = c, + 22 + 34s

4 - x + 10x2 = x(2 + x + yxz) + 2)) - x + 3x2) + 3(1 +x)

This simplifies to

3+-I
Now equate the coefficients

of both

sides to get

4 - 2, + (
+ 4

-

Now we
must

- 1 = C
- C2

see if this[↳10
= 4c + 32 &

system has
not

8 =
C3

a solution or



2 1

& - I U&s
- 2R

,
+ Rz-Rz d- (- YR , + Rs

- R3 ⑧

->zen) )
ENER(d)& O

⑧

u 0

↓ - 10
- 3Rz+ Rz + Rs

⑧ 1 w

> I · oil
00

ERy
+ Ry(g

6



The reduced system is

- Cz =-O

·O ③

We get the solution

( = 0

22 = 2[c = - +2 = 1 + 2 = 1

Thus,

4 - x + 10x = 1 . +2. + 0 .

So,

4-x + 10X" is in
the spac

of ,, Es



⑦ (a) We must solve the equation

u +z=

This is equivalent to

<,( ,
-1 + c(z ,

1) = <0,
0)

This becomes

(2) - 4) + (2 ,
(2) = (0

,
07

which is

+
2) = (0 ,

0)

&
- L

This becomes

c + 24
= 0[-x + c = 0

Solving we get
:

· 29 (18)
Ene ( : :1 %)

(1)
Mrs.2 = - 10) = 0

->
-

Since the only
solution to c +

Un=

is < = 0
,
c = 0 we know that ,

= <1 ,
-K,

-

uz=< 2 ,
1) are linearly independent

.



⑪ (n) Ttn1-thelong way

We must
find the solutions

to the equation

c
,
i + cun + (i = t

This equation
becomes

(3 ,
- 1) + ((4 ,

5) + (54 ,
7) = 20 ,

07

This is equivalent
to

(3( -4) + (4( ,

5x) + (4( ,
7() = (0,0

This is equivalent
to

(3+=
<, 0

Thus,

⑫it4 4
= 0

Let's solve
this

- c + S(z
+7 = 0 system ,

iii) >

(



- R
,
+ R

,

- (=)
in (6 is ii)
Rz + Ru &!->
So

,

we get : Leading
variables : <)22

⑮it Free variables:

g t

8 2 =

ta(2
=

- 14 t

⑫Gc = 52 + 74 ->

=

- + 7t

48
=

Tat



So,
-

cu ,
+ 22 + Giz = 0

can be solved by

(it) . It) · in + t is = 5

for any
A.

In particular, say we set t
= 19 .

Then we get :

48 - 172 + 193 = :
.

Thus
,
, En

,
is are linearly dependent.

#Method2 -

The dimension of
M is 2

.

Short way

have
more

than 2
rectors

This, if we

in I they
must be

linearly dependent
3

by a
theorem in class .

Since we
have

rectors in a
2-dimensional space,

Fits

are lin .
dep.



⑦(c)

Consider the equation

Gu + an + (i
= 8.

The above equation
becomes

4 (3 ,
0
,
4) + (5 ,

- 1
,
2) + 3(1 ,

1
,
3) = 20,

0
, 0

which is equivalent to

(- 32 , 10 ,
44) + (5x =

- 4
,
2() + (3 ,3 ,

337 = 20,0,07

which becomes

-

E
+3() = 70, 0,0

W
which is equivalent

to

⑫
Let's solve this system .



I
- 3 5. I

I
O

I(O - I ↓ O

4 2 30 2

- 5/3
-10

- YR
,
+ RyfRs
-> ! -1 & I ⑧ S

⑧ 2 i E

- R2- Rz &
1

-

: %
%

)-> 8 I

31237 Rs
⑧ 26 13 ①

I
- S/3

- 43
-26Rz+ Rzt R3

- I O
-> 10 - 19

⑧ o
390

Rs -> Rs (b
-

p = (g)-

O 0



This becomes

:
D

②

3
c = 0 O

⑤ gives C
= o

② gives 2
= = 0=+G = 5.0 +z0 = 0

Thus
,

the only solution to
-

a ,
+ <m + Gi = 0

isa =
= = 0

.

So ,
i

,
si, is are

linearly

independent.



⑪ (d)

Consider the equation

> +c + c = .

If the only solution
to this equation is

then si, are linearly
C = 2 = Cz = 0

,

independent.
If there are more

solutions

-> -

then F , P2) Ps are linewly dependent.

Let's see what happens.

The above equation
becomes

< (b - (x + xY + a (1 + x + xy
+ 3(6 - 4x +2x)

2

= o + ox
+ Ox

-
->

G

Grouping like
terms gives

= 0+0x
+0x+W

Equating crefficients
gives

3 + 2 + 64 = 0 Let's solve this[W
-2 + 2

- 4( = 0 & system ,

c + (2
+ 2( = 0



3 ↓ 60

I-21 - 4 I 8 Izi
I I 20

2R
,
+ RzfRz

(os E I ⑳ &>

- 3R
,
+ Ry = Rs

O
-20 O

RutRz S
1 2

I = &> o G

ERs + Rs O I

I
- Re + B +Ms joig-

O G E
I 6 (

The reduced system
is :

Leading variables

x + G
+ 24

= 0
are 91 ,

E.E[g
G

= O &

Free variable
= G

is 23



C = t (set fieriable)-[0 C = - C - 24

= 0 - 2t = -2t

So
, ->

(2x)p + 0. + t
. p = 0

for every t

In particular ,
for t = 1 we get

-2 + 0 + 1 . 5 = 5
.

Thus , &B Es are linearly

dependent.



①(e)

Consider the
equation

->

+ En +3
= 0

which becomes
-

(1) + a(1
+x) +((1+ x +

xY = 0 + 0x
+ ox

8

Regrouping we get

tox
+Ox

Equating crefficients
we get :

c + 2 + (
= 00 already

[ 3 reduced
2 + ( =02

c =0

solving we get
1 <= - ( ( = (0) (d) = 0

③ = 0, = - ( =
- (d) = 0O

↑

Since the only solution
to <

, p , + *2
+  =

is <E0, <
= 0

,4
= 0 we

know that

-

P .
= 1

, 4
=HX ,

Fi= Ax +X are linearly independent .



⑤(a)
We want to check whether or

not the

vectors = < 2 , 2 , 2) , v
= 4

,
1 , 2),

= 10 , 1 , 1)
are linearly independent

or linearly dependent
in R

?

We want
to solve

-

<+ Un +G
=

for <
,
32 , 33.

Suppose ,

< (2 ,
2
,
2) + c(4 ,

1
,
2) + G(0,

1
,
1) = (0,

0
,
0)

Then ,

< 24 +Y( ,
24 +
( + ( , 24

+ 2x +3)
= (0

,

0
,
0)

which becomes

2c
,
+ 4x
I

Let's try to#[2 + 2 + 4
= 0 solve this

system
2 + 2( +(

= 0

↓



2 4 00 ER ,
+ R ,

( 2 I I I I-> (2i( % )2 2 I j
2210

I 2 O

- 2R
,
+ Rut Ra

· --i))-- 2R , + Rz+ Ry (0 - 3 I

- ERzf Rz I->(
2Rz+ Rsf Rs 8 >

> (di -i)(a
++

Ii
g O Y3 O

The reduced system is

which gives
3 = 0

2
-7 = 0 (

= =( = 5 . 0 = 0⑮i
= o

4 = -2 =
- 2 . 0 = 0 .

Cy = 0

Therefore , / ,is one linearly independent
in IR3 .



⑤ (b) Same method as in 4(a) .

Suppose

&hi1
,
3) + x(4 ,

1
,
2) + ((8 ,

- 1
,
8) = 40,0, 03

c, +z +3=

We want
to solve for < 1 ,

C ,
%

This equation
becomes

( 20
- 4 ,
3) + (42 ,

3 ,
2) + (5 :

3 ,827
= (0
,
0
,
0

This becomes

(2 + 4(
+ 89,

- 4 + 2
- ( ,
3

,
+ 22+89) = (0,

0
,
0

which gives us
the system

:

2c ,
+ 42 + 8

= 0

= 0

- c
,
+ Cz

- 4#34 + 22
+8

= 0

Let's solve
the system

Yo

3
I
O

&! If(
-

,

·
2

O

Ri+RztRz ( ->-
->R ,

+Rst Rs 8
! j&



Rz+ Rc

(
I 2 4

I
O

- o I 8

g
- 4 - Y

4Rz +Rz- Rs
-> I: iW O ⑧

The reduced system is :

[
leading variables : P , [2

4 +2 +4- free variable:

0 = 0

This gives :

c = -2 -44Q

2
= - 3 ②[( = t ③

Thus,

③ = t

② = - C = - t

Dc = - 2x - 4( = - 2(- t) - 4t = -2t



the solution is :

<
-2t

- can be any:C = - t S

4 = t real #

For example , t = 1 gives = -2
,3

=1
, 3= 1

.

Thus , plugging into the original equation gives

#+
1
,
3) - 10 (4 ,

1
,
2) + 1 . (8

,

- 1
,
8) = 40,0, 03

->

(2). - 1. + 1 . v=

Thus,
= (2 ,

-1
,
3)
, n

= <4 ,
1
,
2)

, s
= <8 , - 1

,
8)

are linearly dependent.



⑥ (a) In problem 5(a) We showed that

~ = (2 ,
2
,
2)

,
ve= <4 , 1 ,27, vs = (0 , 1 , 1)

are linearly independent
.

Since we have
3 linearly independent E

rectors in a 3-dimensional space V
= I,

by a theorem in class We know

isEn ,is must span
M and thus

be a
basis for V = IR

?

-

8 (b) In problem 5(b) we showed that

= = (2,

- 1
,
3)
,
te= <4

,
1
,
2)
,
is= <8

,
-1
,
87

are
linearly dependent

.

This ,

succes are not a
basis

for V = IR
?



⑦ (a) SinceR has dimension 3
,

We need 3 reators to have a

basis for M .

Thus
,

= <4 , 1
,
22,

= = 74 , 10, 27
are not a

basis for R3.

Fractors
⑦(b) By problem 4(c) the

v =7 3
,
0
,
47
,

= (5 ,

- 1
,
2)
,
: = 41 ,

1
,
3)

are linearly
independent.

Since we have
3 linearly independent

->

rectors ,
E , Vs in a

rector space

3

IR of dimension
3
,

by a
theorem

R and

in class they must span

hence are a basis
for R3.



⑦ () SinceR has dimension 3
&

we need exactly
3 reators to have a

basis for R?
.

Thus, = = 72,
0
,
12
,

->

= = (3 ,
2

,
5)
,
i = <6 , - 1

,
17
, V

= (7
,
0
,
-2)

are not a
basis for R3. We

have too manyvectors .

could also
just directly

show

You linearly
that these 4 rectors are

[ ]
dependendent

and hence not

a basis for
R3.



⑧ (a)
The dimension of P2 is 2 + 1 = 3.

In problem 4/11 we showed that

P = 1
,
2= 1 + x

, pi = 1 + x+ x2

are linearly independent
.

Thus
,
by a theorem in class ,

since we
have 3 linearly

independent rectors
in a

3-dimensional

spaceVP, knotAt

form a basis
for V = P2.



⑧ (b) Same idea as 8(a)

The dimension of P2 is 2 + 1 = 3.

Thus
,

since we have
3 rectors,

the rectors

Y = 6 - x2,= 1 + x +yx), = 8 + 2x+
=x

will be
a basis

if and only if

they are
linearly independent

.

Consider the
equation

->

+ En +3
= 0

which becomes

(6-xy
+ x(1 +x

+ yxy) + ((8
+ 2x +

7xy) = 0 + 0x+0x

like terms
gives

Grouping

(64 + 3 +8)
+( x +0x
~ 2
-

Equating coefficients
gives

6c + 2 + 8
= 0

&destem(2 + 2(
= 0

- c + 4(z +7( = 0



(
6 I I Izi (15)·, %

6
- 14718

1 - 4
- R ,
+ seT 101

- GR
,
+ Ry + Rs
- (b)O

- 2SRzt RyfRs I - 4 - 7
O10 I 2 I
O

S-> O
G O C

The reduced system is :

4
- 4x - 7( = 0 Leading variables

: < ,
22

O
O + 2 = 0 Free variable

: E[[2

0 = 0

Flutions: cz = t

2 =
- 2( =

- 2tE4 = Y( +7(
= 4((t) + 7t

=
-t



Therefore,

(-t)p + ( 2 + (i + () = 5

for any A.

For example ,
if t = 1

,
then

->

- j
- 22 + 3 = 0

Thos
,
, , 2 ,

is are linearly dependent

and hence are not a basis

for P2.



⑨(a)

Let's show that the rectors

< 1
,
4), <3 ,

-2) are linearly
independent .

Consider the equation

< ( ,
4) + c(3 ,

-2) = 20 , 07 .

This becomes

( + 32 ,
44 -
2x) = 20, 07

which is equivalent
to

=
o

4c -2 = 0

Let's solve
this .

- YR , + RztR2

S ! 21
:

)-> (ii)
in (18).
the reduced system is

c+3
= 0 = Whichgive -3 = 0

.·2 = 8



Thus
,
the only solution is a = c = 0.

Thus
,
< 1

,

47
,
<3

,
-2) are linearly independent.

Since ↑& has dimension Z
S
and we

have 2 linearly independent
rectors

,
we can

that<1 , 4), < 3 ,
-2) are a

basis
conclude for R
-

9(b) Wa must solve

(7,
14) = x(1 ,

4) + 2(3 ,

-2)

which becomes

< F
,
(4) = (x +3 ,

4 -2)

which
becomes

- 7 = c
,
+3[14 = 44 ,
- 2C

Let's solve
this system :

(iii) (iii)-



Fin (0P1 =37
So we get :

=C = - 3
-

Cz =
- 3

So
,

=- 7 - 32 =
- 7 - 3(3) = 2

.

C

↓

< F, (4)
= 2 . ( , 4) +

( 3)(3,
-2)

Thus ,

-So
,
the coordinates

of 77 ,
147 with

respect to
the ordered

basis

B = [71,
47, (3 ,

-27] are

[- 7, 147]p
= 72 ,

- 37



⑨(

We want to
solve

< 3 , - 12) = c
,
( , 4) +

2(3 ,

-2)

which becomes

(3
,

- 12) = ( + 3x ,
4,

-
2x)

which is equivalent
to

3 = c
,
+ 32[

system :

Let's solve
this

(i - 2) - 1 2Jenn (in fit)33

n



< 3 , - 12) =(( , 4) +(
. (3 ,

-2)
Thus
,

-So
,
the coordinates

of <3 ,
-12) with

respect to
the ordered

basis

B = [71,
47, (3 ,

-27] are

[13 , 12)] = [EiE



⑩ (a)

Let us show that
the rectors

are
linearly independent

.

Consider
the equation

· (ji) + x(ij)
+ (i)+ (iv)

= (5 %)

This becomes

&a
+ ) = (

%

)
(2 + (

crefficents gives
Equating

c + Cz Let's solve

22
- Cy

= 0
this system#=O

+ Cy
22

+ (3
= 0

C



I 10

O I O - I

&%8)⑧ ↓ 6 &

-1100
O

I 10 00
- Rz + Rs

+ R3
18

- I

- 1: E O Z I O SRz + Ry- Ry I - I 8

o

0 O

1
Rs #Ry 10

O
O

o
- 1 1 : S-> I

8 I
- I

②

G
o Z O

11 0 O 8= Ry + Ru 1: 10
- 1 I S-

01
- 1 &

00 8
⑧

This becomes : C + &
- cy

= 0#C2

( - dy = 8 &

Cy = 0



Solving gives Cy = 0
,
< =

y
= 0

Cz = Cy = 0
,
and c = - 2 = - 0 = 0

,

Thus, c = x = 3 = G = 0 is the

only solution .

So
,
the restors

(i) , (i) , (ii) , (iv)

are linearly independent
.

4 of them
and the

Since there are

dimension of Man
is

4

,

they form
a
basis for Man ,



⑩ (b) We need to solve

(b
=

) = x(ji) + x(i0) + >(ii)
+(iv)

which becomes

C
- Cy

(3) = (E +
3)

which is equivalent
to

c + Cz Let's solve

22 this systemE+ Cy
= 0

22
=- 3

+ (3
C



I 1 - I -
O I

10
⑧ 10· I O& % (8 10)
1010 O

-110

I 100
I

- Rz + Rs
+ R3

I ↳
- I -2

- O Z1: E -it SRz + Ry- Ry 00

Rs #Ry &
I

G

I :)-> o
8 I

o Z

O
O

1 O

= Ry + Ru 10
- 1

1: F- O 1 -

00 8

This becomes : C + &
- cy

=
- 2#C2

=-
6 &

( - dy
Cy = I



Solving this system gives

1)( = b + (y = - 6 + 1 = - 5

Cy =

(2 =
- 2 + ( = 2 + 1 = - 1

,
and

c = 1 - x = 1 - 7 - 1) = 2

Thus,

(b =) = 2 . (i) - 1 : (iv) - So (8i)

So
,

&↑ fili
[ =5)]

p

= (2 , -1 ,
- 5
,1



⑩ () We need to solve

(Y) = x(ji) + x(i0) + >(ii)
+(iv)

which becomes

C
- Cy

a +(c
+
3)

(5,Y) = (i
+x

which is equivalent
to

2 this system· Let's
solve

-
+ Cy

22
=

+ (3
C



I 10 3
O I O - I -

I O&iii) ( 10pi)⑧ 10 I O

O
-110 - 2

- Rz + Rs
+ R3 I

I ↳

Rz + Ry- Ry )- 1: E Z

I I

Rs #Ry & G
8 )-> *
I

O
O 8

1 O

= Ry + Ru 1:.- O I

00 8 I

C2 i &This becomes :it( - dy
Cy =



Solving this system gives

Cy =
- 2( = z + Cy = 2 - 2 = 0

C2 = 4 +2 = 4 - 2 = 2/ and

c = 3 - C = 3 - 2 = 1
.

Thus,

(8Y) = 1 . (i) 2 : (i) 0 · (8i)

So
,
↑ (ii)

[8Y(]p = <1 , 2 , 0 , 2)



① (a) Let B = [1, 1 + x
,

1 + x + xz]

We need to solve

1 - x + 2x2 = c
,
(1) + G(1 + x) + G(1 + x + xY

which is 2

+(s) + (t)x + &Y
I

Equating crefficients gives

1 = c
,
+ x + 3Q

in reduced form , so[ 3
This system is already

- 1 = 4+
we can solve it.

2 = ③

We get c = 2,
= - - ( = -1-2 =

- 3.

4 = 1 - 2
- ( = 1 - ( - 3)

- 2 = 2 .

Thus
,

1 - x + 2x = 2 . (1) - 3 . (1 + x) + 2
. (1+x + x

-i
SY -x + 2x]p = (2 ,

- 3
,
2)



① (b) Let B = [1, 1 + X
,

1 + x + xz]

We need to solve

X = (1) +((( + x) + g(1 + x +
xY

which is

0 + 1 . x + 0 .x = (c ,
+ ( + () + (2 + 3)x + 3x

~-Ente

Equating crefficients gives

0 = c
,
+ 2 + 3Q This system is already

· 3 in reduced form , so

↓
=

③
we can solve it.

We get c = 0 ,
= 1 - 3 = 1 - 0 = 1

4 = 0 - 2 - ( = 0 - 1 - 0 =
- 1

Thus
,

x =- . (1) + 1 . (1 + x) + 0
. (1+x + x

So,
-i

[x]p = 4
- 1, I ,

07



⑫
I claim that

= (ii) , (ii)
, (ii) . (i)

is a
basis for Mus.

then

If we show this
claim

Mya
has dimension

4.

B spans
MarT(a) be an

arbitrary element
of Man

Then

(ii) = (8) + (ii)
+ (ii) + (82)

= a(ji)
+ b(i) +<(ii)

+ d(i)

Thus
,
every

element of Mun is in

the span of B = Sloi) ,
Pod , (ii) , (ii)3 .



linearlyindependent

Suppose that

= (i) + <(b) + x(48)
+ x( %) = (2 %)
-

Then

(5) = (8 : )

So, <
,

= 2
= ( = = 0 .

Thus
,

B =Elbi) , God ,
(ii) ,
(ii)3

is a linearly
independent

set

-

Since B is lin ,

ind .

and Spans Man,

3 is a
basis for Man .

I

Since i
has 4 elements,

My,

has dimension
4

.



⑬
Pn = Sas + aix + ai x+ ... + anx2)90 ,

9
, ...,
9 E1]

claim : B = 51 , X ,
X3 ..., x] is a

basis

-

for Pn

StasPe :
-

= a
.

+ a
,

x + a ,
x + ,

+ anx

Le t P

be an
Arbitrary

element of Ph .

Then

+

7 = a .
+ a

,
X + G2X+... +

anx

I

-
9

.

01 + a , x
+ G2x2 + 00

. + anx
-

is in the sean
of

So, xn]
B = 51 ,

X ,
x ,...,



&a linearly independent set of restors :

Suppose
that

6- 1 + ( . x + ( - x+.. + 2 -x = O+ Ox +
0x+... + 0x
-

5

Then equating
coefficients gives

Co = 0
,
C

= 0
,
2 = 0

,
... ,
C = 0.

2

Thus ,
B = [1, X , X , ...,

xh] is a

linearly

independent
set of rectors

.

-

above ,
B = 51 ,

X
,
X2
, . . .,
x

*]

From the
for Pr

Since B has

is a
basis

the dimension

n+ 1 elements
in it,

ofIn is n + 1.


